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ABSTRACT

This study concerns the laminar flow of an incompressible fl-id through
a curved pipe with an elliptical cross section. The governing equations are
derived by applying the Navier-Stokes and continuity equations in cylindrical
coordinates and the method of successive approximations to get the five partial
differeptial equations. These equations are solved by the perturbation method,
and twenty numerical examples are presented. For each example, arbitrary
numerical parameters are assumed for input into an IBM 7094 Computer to
obtain solutions for the simultaneous algebraic equations. For an eccentricity
of one, the ellipse degenerates to a circle and Dean's solution for the stream-
line flow of an incompressible fluid through a curved pipe with a circular
cross section is obtained.
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CHAPTER I

INTRODUCTION

The design of present and future high performance missiles, rockets,

and aircraft necessitates the optimum use of all available space. To help

accomplish ts requi 1emeut, bent tubing and curved pipes are frequently used.

In the design of these piping systems, it is gen,,rally assumed that the circular

cross-sectional area remains constant to simplify the analysis. This is a true

assumption only if the pipe is cast or forged, or if a fitting with a circular

cross section is used to obtain the required curvature. However, a fitting is
I

used only for small curvatures. Large curvatures are usually desired to

reduce the pressure drop, decrease the size of pipe or increase the flow rate.

This is accomplished by bending a piece of straight pipe to the desired curva-

ture, thus distorting the circular cross sec2tion and making it elliptical.

The purpose of this report is to study the effect of the eccentricity of

an elliptical cross section in a pipe with a small curvature and to get a second-

order approximation of the flow rate through the pipe.

The, term "curved pipe" as used in this report is a pipe with an elliptical

cross section bent so that the center of the ellipse fori,=q a circular arc. It is

assumed that the flow is fully developed throughout the region and that the

straight pipes are connected to the bend so that they always lie in the plane of
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the bend with their center lines tangent to the center line of the bend.

Dean [1927] showed that the motion of a viscous, incompressible fluid

in a curved pipe with a circular cross section consists of a primary motion

along and parallel to the center line of the pipe, and the secondary motion

which is in the plane of the cross section. His solution is the most detailed

and perhaps the best theoretical study performed to this date although it is

severely limited to Dean,-- numbers less than about 400. This results from

neglect of the unsymmetrical terms in the second-order approximation of the

flow rate and the insufficient number of terms used with the method of suc-

cessive approximations. He also assumed small pipe curvature and that the

circular cross section remained circular after the pipe was bent. Within its

limitations, Dean's solution agrees very well with experimental data, and his

theory has been widely used and extended.

Thomas and Walters [19631 used Dean's approz.h and analyzed his

problem using an elastico-viscous liquid. Their work showed that the el-stico-

viscous property of the fluid reduced the curvature of the streamlines in the

central plane and increased the rate of flow through the pipe.

Baura 119631 took Dean's [19281 basic equations and integrated across

the boundary layer to get the momentum integral form. The equations were

th)n solved by Polyhausen's method. The results agreed very well with

experimental data but are probably no more accurate than Dean's solution.
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Clegg and Power [19631 analyzed the flow of a Bingham fluid* in a

slightly curved pipe, but their solution was accurate only to the first-order

approximation and did not include the effect of the curvature. The effects of

a plug being inserted in the center of the pipe were also studied.

Thomas and Walters [1965] studied the flox€ of a fluid through a curved

pipe with an elliptical cross section, but their results were accurate only to the

first-order approximation. Their solution indicated that the rate of flow

through the pipe was independent of the curvature. It was then concluded that

the second-order terms were required to determine the effect of curvature on

the rate of flow through the pipe.

The experimental approachto special cases of this problem was takeu by

White [ 1929] and Keulegan and Beij [ 1937]. The results obtained conformed very

well with Dean's solution. White performed experiments with water and oil

flowing through curved pipes with oval and circular cross sections to determiae

the law of resistance for str~amline flow. Keulegan and Beij conducted experi-

ments with water flowing through a curved pipe, with a circular cross section

prior to bending, to determine the pressure losses -lue to the large curvature of

the pipe. The first experiments resulted in an eq Aon for the prediction of

head loss, and the second experiments resulted in an equation for the increase

in resistance in a bend as compared to that of a straight pipe.

This study considers the streamline motion of a viscous, incompressible

* A Bingham fluid is a raaterial that can support a finite stress elasti-

cally witho,,t flow and flows with c(,nstant plastic fluidity when the stresses are
sufficiently great.
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fluid in a curved pipe with an elliptical cross section. The anglo of bend in the

pipe is anrestricted provided that the curvature is small and the flow in the

bcnd is fully developed.

The governing partial differential equations are derived in Chapter II

by applying the equations of motion (Navier-Stokes equationb) and the continuity

equation in cylindrical coordinates. The method of successive approximations

is then used to obtain equations which are accurate to the second-order approxi-

mation.

In Chapter III these nonlinear partial differential equations are solved.

Simultaneous equations involving the constants are then obtained by matching

coefficients. The unsymmetrical terms, although negligible for small Dean's

numbers, are not small for large Dean's numbers and are not neglected in the

solutions. Therefore, these solutions are more accurate than the corresponding

secoild-order approximation solution presented by Dean for a pipe of circular

cross section. By letting the cross-sectional ellipse degenerate to a circle, the

equations of the present work reducc to Dean's [ 1928] equations except for the

last equation, in which Dean neglected the insymmetrical terms.

The four sets of simultaneous equations in matrix form are presented in

Chapter IV, and thei~r computer solutions are in Appendix B. Tile equations for

the rate of flow through the curved pipe are integrated, and equations for 20

different eccentricities of the cross-sectional ellipse are presented in Chapter IV.

The discussion, summary and conclusions, and recommendations for

future research are given in Chapters V, VI and VII, respectively.
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CHAPTER H

GOVERNING DIFFERENTIAL EQUATIONS

A. Assumptions

This work is a study of the streamine motion of a Newtonian fluid in "

curved pipe with an elliptical cross section. The equations of motion in cylin-

drical coordinates (1r, e, y') are applied to the arrangement shown in

Figure 1.

The following assumptions are made in '.he derivation of the governing

Partia] differential equations:

1. Streamline -motion theory app'ies.

2. Body forces are negligible.

3. The flow is steady, uniform and incompressible.

4. The curvature of the pipe is small.

5. The flow is axisvmmetric and all flow variables except pressure

are independent of R.

6. The flow is fully developed throughout the region of study.

For laminar, incompressible flow the unknown variables cosist of the

pressure and three components of velocity. To solve for these four unknowns

the three equations of motion (Navier-Stokes equations) and the continuity

equation are used. These equations appear in Schlichting 119681 as well as
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most text books on fluid mechanics, and are given in the following sections.

B. Navier-Stokes Equations in Cylindrical Coordinates

For the r'-direction:

/aq r q)
r r rq

at+ qr- + - qy. - (2.1)
r art r' E ay

4_ qp f i 1V 2q qr 2 8 q (,= pf q - -/
r ar', r rt 2  rY2

For the e -direction:

/ q3 qo qO qoI O Iq ! (2.2)

1 aP 2 r E)

-o r' e + " q+rae r

For the y'-direction:

aqy a qy n q -O a cLqy
p ±a~ q-- r .- art (2.3)+ 3

= pf -aP + VV,2

y ay'

C. Continuity Equation in Cylindrical Coordinates

qr q r 1 aq 0  qy
- -+ ++ -- -- = 0 (2.4)
ar t r' r' 

4e )y'
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where tr' fO' and fy are the components of the body force; qr q9' and qy are

the components of 'velocity; P is the pressure; p is the fluid density; U is the

absolute viscosity of the fluid and V'2 = a2-+ a2 +a 1 - +

ar, 2 r'Ory rf 6 8

The assumption of steady flew and negligible body forces reduces

equations (2.1) through (2.3) to:

/8qr qO 8qr Eqr q+ q,
'E_ __P rq 2 Iq (2.5)

Dr r' r' yo y 3y, r' Or' 22 52

aqO q43 q au aq D
e0 + ep -e2 + 2 -r -
+rrl r' r' 8y)y r' rEe r, 2puq •- +- -+pV ---• (2.6)

( q q 3q _ Oyq " __y =Y L_ ___+ /,V? 2qy (2.7)

r Or' r' aO Yy' y'(

Since the flow is uniform and qr, qo. and qy are independent of e,

Oq 8qy_ 3qO
r...- .. = 0. The kinematic viscosity, v = and the equations

a0 80 a0

12.4) through (2.7) become:

aq r aqy
qr + + - 0 (2.8)

Dr' r' Dy'

---- 4- E) aP V+q2 -r (2.9)qr 'oy ' r' - p8r' r, P2
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q o aq0  qo _ + ,2q _ (2.10)

!!- q a =-I + 0 y(2.11)
ar' qy 3y' p 5y'

where V' 2 is redefined by

32 1 a a2

3r' 2  r ay,2

For incompressible flow the density is constant. Also, from

Figure 1, r' = R + x'. For small curvatures the radius of curvature of the

pipe, R, is large when compared to the distance x' shown in Figure 2. There-

fore, r' approximately equals R and equations (2.9) through (2. 11.) can be

expressed as:

qr aq qe _ /
-q0 + q r _ - - + , 'V2, - (2.12)

q r ar---T" qyr ary (2.12)

c +q y 2r+y ay, r (D2oy (2.13)

qr--+ -T ~ 2q (2. 14)
qr--7 q ay' ay' •V 2q

where R is a constant.

Since qr' qo0 and qy are independent of 0, all terms in equations
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(2. 12), (2. 13), and (2. 14) are fuictions of r' and y' only except the pressure
1 a(Pip) a(P/p) and a(Pip)

Rterms a r . Solving each of these equatious•.R N) ar' ay'

for its pressure term shows that the three pressure terms are also functions of

i r' rT andyý only. Therefore, - elO + f(r',y'), where el is a constant. Then
P

(P) [eO
(PN [ee_ + f(r'.y';, ] e

- - constant (2,15)
R 5 R

Redefining the constant - e-l makes G a constant which can beR p

cailed the mean pressure gradient. It is the space-rate of decrcase in the

pressure along the central line traced out by the center of the pipe.

Differentiating equations (2. 12) and (2. 14) with respect to y' and r',

respectively, and subtracting (2. 14) from (2. 12) eliminates the pressure

terms. The results are

a r' a N- r -' -'--No rý y '.(2.16)

a 2 2 q, r
a V, )

•r' v' G

Using equation (2.15) and -e = .Gequation (2.13) can be expressed
R p

as

q0 + q0  r G / \ 2.7
rar'q q7 + + 'q -r (2.17)

Because of the highly nonlinear character of these equations, a solution
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cannot be obtained in this form. It is, therefore, necessary to simplify them

in such a way tiat the nodinear and curvature effects are retaine& To accom-

plish this and transfer the origin from 0' to 0 (Figure 1) it is assumed that V' 2

in cylindrical coordinates equals V' 2 in Cartesian coordinates, + r' r'
ax' ar r'

and r' is approximately R. The small iurvature of the pipe provides the basis

for these assumptions. It is evident that these assumptions are equivalent to

the ones made by Dean [1928] for a curved pipe with a circular cross section

because the equations obtained degenerate to those presented by Dean [1928].

for the circular case. 4 Since the i1'- and x'-directions are th-e same, qr = qx'

where qx is the velocity in the x'-direction. Use of these assumptions reduces

equations (2.8), (2.16), and (2.17) to:

r'0 (2.13)

1 qy qxqy , a qx q2 a qo

_7 r, y x 0xax' ax r'+ - a' xax r'* cyDy' B

(2.19)

X- V, - qx-

(q 1] qy qxqo q v,2qo
[qP x ax , Ty r_ -,- --- = - qO (2. 20)4LI

82 D2

where, by definition, "7'2  +x,2 ay, 2 in the Cartesian coordinate system.

*The only exception is Dean's solution for the second-order approxima-
tion of the velocity in the O-direction, in which he neglected the unsymmetrical
terms of the solution.

Si4
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Performing some of the operations indicated in equations (2. 18)

1 2
S,2 • and-;- which are o

through (2. 20) and neglecting the terms V qxqr ' r

the same order of magnitude as the small curvature squared, reduces these

equations to:

-- + (2.21)
ayý ay2

axx' rey

x, r, a , y ly ay? xa X', ay' R 8y'

[~('V2cl~ a 1(2.22)
___ y 2 2~ a, Y'

S- + ' - + e (2.23)

-67 PT r' 2

Equations (2. 21) through (2.23) are put in nondimersional form by the

substitutions:

x'= ax y' =ay r' =ar (2.24)

q u v q wW
x a a

where W0 has the dimensions of velocity and a has the dimensions of length,

Equations (2.21) through (2.23) become:

(V D
tau+ = a (2.25)

v 2 ~~~ (at) av akwDy
a) a- + - -a y /- Vy•v y) +aR ay-W y a

T .. ... . .. .
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P2, L2V) a (V 2 U) IaJu
- (2.26)a4 axy r2 a y

where V2  a2 + a)
Tx2 y-2

ay2

I)-,iding equation (2.25) by_. , equation (2. 26) by-, equation (2.27)
a 2 a 4

by and neglecting the term- -, which doe3 not affect the second-order
a2  2

approximation, yields:

S+ - 0 (2.28)ax ay

-x +Va- a -- 3' KW - (2.29)

ax ay r2 a Y

U + V aW C + V2W , (2.30)ax y

where

K _ 2W0al (2.31)
Rv2

and

C Ga2  (2.32)

PiW0

The stream furction, 4(x,y), is defined such that equation (2.28) is

satisfied and in Cartesian coordinates is:

m =• • ii
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u- v - (2.33)
by ax

Substituting equations (2.33) into equation (2. 29) yields:

x ay v 2o +7I -- - - -1- KW - (2.34)
\dX 7 7yx r Ta~Y a7 X7XYJ ay

= _ V2(V2 ¢) + ..
r 2ay

The terms bo - j and I- are third-order terms and arer Lax2 y ax axayj r y2

negligible for a solution accurate to the second approximation. Therefore,

equation (2.34) is expressed as:

-i -TY 5v + w T+y'V22 (2.35)
y ayx a by2

Substituting equations (2. 33) into equation (2.30) yields:

ao aw N, aw - (2.J6)
aya0x axa0y

The asymptotic expansions used to apply the method of successivc

approximations are as follows:

0 = KOI + K20 2 + ... (2.37)

W = W0 + KW1 + K2W2 + ...

Different-ating equations (2.37) and substituting into equation (2.35) yields:
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LkAIl 0+ ._ + K -2 (2.37)

+ K.•0¢1+iI.qKW + KW, +KW) °
K 2 yw2 -a2  a y  a2)

axxa2/\ 2
2

aY ay va2••-x x

aW2• a4 m. 2

J y2 dy 2

Equating the zero-order terms (involving KI~):

0=0

Equating the first-order terms (involving K'):

4 aWo 3 38)
v4=-w0 I -O a

where V4q = V~(V 24.) by definitioa arn

Xa ay2

Eq;iatirg the second-erder ternis (involving K2):

_ a~~j a31fl, a~l a3•q a 1a¢

V40 2  aLa 3¢ a + - (2.39)ay 3x ay x y2 ax -x2y -•a 3
ax axay ax ay ay

- awl , wWOo e- Wl IWO.3ya

S Differk, ntiat~ing equations (2.37) and substituting into equatior (P.36) yields:
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NK+ 2~. 1w K2 N2aW 2 jK__+ K' a€ V +w K aW + K 2)

ayax ay y a
K - -- L +-K-2\- 12 + K -W- +÷ aW

K 2

: =C + + +K + K2 . ..W + ý _

\ax, ax2  ay2

+ K D2W_1 + K2 dW2 \

Equating the zer o-o der terms (ina .ing KO):

VWO= -C (2.40)

Equating the first-order terms (involving K1):

2w, a4 I W0 a41 aw0  (2.41)

ay •x a-x ay

Equating the second-order terms (involving K2 ):

V2W2 42 aW 0 + DW1 aWI 1 awl - a2 aw(
VW2 ay ax ay ax ax ay ax ay (2.42)

Terms involving K to powers higher than two are negligible because the equa-

tions are only accu: :+•. to the second-order approximation.

Equations (2.38) through (2.42) are in a solvable form and are the

governing partial differential equations. The boundaicy condctions for equations

(2.38) and (2.39) are:

=¢ = 0 when 1 - x2 
- m~y = 0 (2.43)

I
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and

-5_ -O , whenl-x 2 -m-= , (2.43)
ax 6x 8y F '

where m is a positive constant related to the eccentricity of the ellipse, e, by

the eqaations

e =--- - 1 , m >- 1
e Im

and

e =-,1 2, 0 < mIn

The boundary conditions for equations (2.40) through (2.42) are:

W= W W2 =0 , when 1 - x 2  m2 y2 =0 (2.44)

Equation (2.40), V2W0 = -C, is the governing partial differential

equation for flow through a straight pipe. This is the same equation presented

by Dean [19281. Therefore, the boundary vflue nroblem for flow through a

straight pipe with a circular cross section differs with that for a straight pipe

with an elliptical cross section only in the boundary' conditions.

______ I
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CHAPTER III

SOLUTIONS TO EQUATIONS

The nature of differential equations (2.38) through (2.42) and the

geometry of the cross section of the pipe suggest that the solutious for W0, W1,

\V2, •, and &, may be assumed to be polynomials in x and y. For convenience.

the solutions are assumed in a form so that the symmetry requirements and

boundary conditions are satisfied in advance. The boundary ccnditions on t1

and -2 are given by equation (2.43), and the condition on W0, W1, and W, is that

each vanishes on the boundary as required by equation (2.44). Inspection of

the governing differential equations shows that W0 and W2 are symmetric in

both x and y; W, is symmetric in y but antis ymmetric with res*ect to x: zt is

symmetric in x but antisymmetric in v: and L2 is antisymmetric with respect Co

both x and v. Assumed so.-ions which satisfy these requirements are:

W0= A(1 - x2- m~y2 ) (3.1)

(2 2 2 22)

0 x - m 2y 2 x (b0  b,x b2 ) b2x4 
-+ bix 2y + b534

; (3.3)

-• b~x6 + b x7y2 ; box 2y1 + bI y )

1-.2 2 2 2- 2 2-
2 X - my)x y (CO 4- Cx 2 + C2y' C3x* CIx2y2

S(3,4)
5Cy4 

+ C1x + C12 y 2 -C + C, 0C

+x ix 4 1Cj C8c
+ C11x3x -4 C12x4y4

- C.xy• + C11y
8)
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W2= ( -x - my3) (d, + djx 2  d2y
2 + d3X4 + d4x2y2 + dgy4  (3.5)

+dýt - d 7xty2 + d8x2y4  d9y 6 +dloxa + djjx~y 2 + d12x 4y 4

-, d13x
2yV - d. 4y' ÷ dj 5xI0 " d16xy" ÷ dl 7Xy 4 + d18x4y6

- d19x2y8 + d2ooy0 .,- d2 x12 + d22x
10y 2 + d2 ..xy 4  d24xGy 6

d.5x4y3 -- d26x2 y' 0  d2 y12 x

- d1 lx8y6 + d3Zx 6 y 8 
-d3-x4yI0 + d31x2y'2 d3-vIt)

The coefficients of the polynomiai terms in these solutions will be found by

substituting them int,) the governing differential equations and by matching the

coefficients.

Partiallh differeutiating equation (3.1). substituting into equation (2.40)

and so!ving for A gives-

CA

2(m 2 - 1)

Partial differntiation of equations (3. 1) through (3. 5), substituting

the expressions into each of equations (2.38) through (2.42) and equating the

coefficients of like terms reduces the problem to the solution of four sets of

simultaneo-s equations, each invo.ving the constants in the corresponding

assimed solution.

Partially differentiating equations (3.1) and (3.2). substituting into

equation (2.38) and equating the coefficients of like terms yields:
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4 2
(5m +2m + -)Ao (-2m2  2) A, + (li 2

-2) A. - 1-2 3

A•m 4

(10mI + 6m 2)A 1 +105m 4 + 2O:n2 + 3)A 2  - (3.8)

15m 4 + 12m 2 + 15)A 1 + (10m 2 + 6)A2 = - m(3.9)
12

Partially differentiating equations (3.1) through (3.3), substituting into

equation (2.41) and equating the coefficients of like terms yields:

'm 2 -3) b0 - 3b, - b2 = AAo (3.10)

(m2 
- 10)b - b2 - lob 3 - b4 = AA, - 2AAo (3.11)

3m b, --- 6rn 2 
- 3)b 2 - 3b, - 6b, = 3AA 2 - 4AAomi 6AAom 2 

- 2AAtm
(3.12)

(mn - 21) b3  b, - 21b 6 -,b 7  AA 0  2AA 1  (3.13)

2 225m b3 - (3m - 5)b, -- 3b 4 - 5b 7 - 3b 8  AAom 2  AA~m' - 3AA 2

(3.14)

3m 2 b, - (15m 2  3)b 5 - 3b 8 - 15b 9 = AA 0 m' - 6AA 2M2 
- 4AA.m 1

(3.15)

2

(M2- 36) bG + b7 AA, (3.16)

21m bG -- (6m 2 •- 21)b 7 - 6b 8 = 3AA 2  (3.17)

10m2 b7 + (15M2 + 1O)b8 + 15b= 6AA 2m 2 - 3AAjrn' (3.18)

3m2bq - (28m 2 - 3) b9 = 3AA~m' - 2AArn6' (3. 1)

Partially differentiating equations (3. 1) through (3. 4), substituting

into equation (2. 39) and equating the coefficients of like terms yields:
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(120m 4 + 144m 2 ÷ 120)Co + (-144m2 - 240)Cl + (-240n 2 
- 144)C 2

(3.20)

+ 120C3 + 72C4 + 120C5 = 8A' - 24A n 2 - 32AOAI

-4AI - 12AIA2 + 4Abo. 2 
- 2Ab 2

(120ml + 480m2 + 840)Cl - (240m 2 + 240)C2 + (-480m2 - 1680)C3
(3.21)

+ (-240m2 480)C, - 240C, + 840Crý + 240C7 + 120C8

- OAb4 I 48Ab2 + 4Al AO - 48Abom +1A +4A

-• 240C8 ÷- 840C 9 = 40A0 Atm? 16- A •_ 32AoA2

22 2

- 256AoA2m2 - 80A~m2 + 144Alto4 
- 112A1A2

+ 192A+A2m2 
- 48Ab m - 32A~ r 2 

- 4Ab 5 + 8Ab 2m2 
- 4Abom4

(120m - 200m 2 + 30ml24)C 3 -- (240m 2 504)C +2 (3.23)

+ (-1008m 2 - 6048)C 6 -+ (-240m2 - 1008)C 7 - 240C8

+ 3024C8 o + 504C9 1 + 120CAl2 = -24A3

24Aom 2m'- - 48AM - 24A•, - 72A 1A2

- 2Ab 7  4Abm - 2Ab2  ÷ 42 A 3m2 - 4Ab+m 2

4 2 2 50 ) 4 + 120 .

(800m + 1680)C0 + (840m4 + 1600C. + 840)C 4 m '>380m + 800)C 5

(3. 24)
- 168Om 2C6 + (-1600m 2 

- 1680)C6 + (-1680m 2 
- 1600)C 8

- "680Cq ± 840CI+ + 504C 1,+ 840C1 3  -64 0A 1n2

2

+ 245A0A 2-i'- 96A0 A2 m + 482AA2m 2 40A2,1 2 - S32AA 2 m

48Aon b - 144Abr) - 16Abr2 + 16A m4 - 4Abj + 8Ab5

+ 8Ab4m 2  - 1Ab2 r.1 - 4Abmrn2

" 8AbM2 -8Ab2 2 4b~ni
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120m 4C3 + (504m 4 + 240m 2)C 4 + (3024m 4 + 1008m 2 + 120)C 5 (3.25)

- 240imiC 7 + (-1008m 2 
- 240)C 8 + (-6048&-n - 1008)C 9

+ 120C1, + 504C13 + 3 0 2 4 C1,= .72A'm4 - 12OA2m 6

- 384ADA~mr _ 96AoAlm 6  192AoA2m 2 + 768AOA 2m

S+ 480AA 2m2 -552AIA 2m4 
- 72A m4 + 24A' 24A~m2

- 6Ab, 12Ab 5m _ 6Ab 2m4

(120m + 1728m 2 + 7920)C 6 + (240m 2 
- 864)C7 + 120C 8  (3.26)

+ -1728m? _ 15,840)C~o + (-240m 2 _ 1728)CG12 2
- 240C 12  - 48AoA1 - 48AoAlm 2 + 96A, + 48AIm2

48A1A2 + 4Ab 7 - 2Ab4 + 4Ab 6m 2 
- 4Ab.3m.

"(1680m4 - 6048m 2)C 6 + (840 m 3360m2 + 3024)C7 (3.27)
( 3.27)

+ (1680m 2 + 1680)C 8 + 8 4 0C9 - 6048m2 CIO

+ (-3360m 2 _ 6048)C 11 + (-1680m2 
- 3360)C 1 2

- 1680C1 . = 336AoA~m2 
- 2 72AoAirri - 96AoA2

-256AoA 2m• _ 144A'rn2 + 112A'm 1 
- 336AA 2 ,

- 1 088A-A~m - 144A• 2- 8Ab7m 2 + SAb 8 _ 4Ab 5

- 8Ab 4m2 
- 4Ab:,m4

840m C6 + (1680r2 1680m 2 )C7 + (3024ml (3360n,' + 840)C,i + 604 m• • 168 )C• 680 •C •(3.28)
+ (64m.-•60C - 1680- (_ 3360ml - 1680)C,2

S+ (- 6 04 8r2 2 3360)C1. 3 - 6048C 1 = 56O0 AAml
144AOA-m + 64AOA 2  _ 768AoA2 n1 ,A - 1280A1A2m-

+ 1872AArm' - 16AIr.11" 96A 6+4 + 48A2  48Am2

12Ab9 + 12Ab8m2 - 12Ab 5 n 2 _ 6Ab 4m
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2i

120m4C 7 ÷ (864m 4 + 240n1,)C 8 + (7920m4 + 1728m2 + -.20)C 9  (3.29)

- 240m2 C 12 + (-112811 2 - 240)CI3 + (-15,840m2 - 1728)C,4

8 4
= 176AOA 1m + 8O 0AoA~m + 160AoA2m - 512A0A 2rnm

62A1 6m 2 51AAn +M 2 6-624AA + ÷ + 64AI I- 112A m + 352A m

+ 1.6Abm 2 
- Ab 5in4

(120rn + 2640m2 + 17,160)C 1 o + (240m2 + 1320)C 1 I (3.30)

2

+120C 12 = -6(0A• - 24A~m2 
- 12A1A2 - 2Ab7

- 4Ab 6m
2

(2880m4 + 15,840m2)Clc + (840m 4 + 5760rn '- 7920)C11  (3.31)

2 2 224+ (1680mn + 2880)C 1 2 + 840C 13 = 96Alm - 12SAlmI4

222
-, 48A1 A2 - 448A1A2m2 + 48A2 - -Ab 8 - 8Ab 7M2

- 4Ab6Tn
4

3024m 4C1 o + (3528m1 - 6048m2 )Cll + (3024ral + 7056M 2 + 3024)C1 2

(3.32)
+ (6048m 2 + 3528)C 1 3 + 3024C 14 = 192Alm4 

- 24A m_6

± 672AIA 2m 2 - 1320A1A2m 4 - 72A' - 24A~m2 -6Ab 9

1?Absn12 
- 6Ab 7m'

840m-C1 1 + (2880m4 + 1680mr2)C, 2 + (7920m 4 + 5760m 2 + 840)C 13

(3.33)
+ (15,840m2- 2880)CI4 = 16A~m6 + 8OA'm'

+ 880A1 A2rx - 1024AA 2m' + 16A m2 - 352Ain•4

1- 6Abm 2 - 8Ab 8rt, 4

120mIC1 2 ± (1320m± + 240m 2)C, +, (17,160m4 + 2640m 2 + 120)C 14

(3.34)
= 256AlA 2m 6 - 140AIAmm8 + 88A2M4 _ 280A'm 6

- 20AIm 8
- 1OAbm 4
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Zdrtially differentiating equations (3. 1) through (3. 9), substituting into
equation (2.42) and equating ýho coefficients of like terms yields:

(-2r& - 2)do + ?d, + 2d2 =.Aebo (3.35)
(-2m2  12) d, 2d2 + 12dj + 2d4  -2AC 0 + Mo~b, 5A~bo +AI

(3.36)
(-r2 d, + (-12m2 

-2) d2 ~-2d4 +12d 5 =2ACorn 2 
-7A~bin

+ A01b2 + 3A 2b 0  3.7
(-2rp 30)d., - 2d4  30Sd6 +2d 7  -2AC 1  4ACQ + A~b3 ~3 8) -

-11A~b 1 + 7A~bO + 3Ajbj 5A~bo

?-12rn2 dj + (-12-n'i 12) d, - 12d5 + I~dr 12d18 -6AC 2  (3.39)
+ 6AC~m2  3A~b4 - 5A~b2 - 21A~b I-n2 

±18A~born2

-3Ajb 2 -3A~bom
2 + 9A2b, - 15A 2bO + 8AOIb.,

(-2m 2)d4 ± (-30m 2 
-2) ds + 2da + 30dg 2AC 2M 2 

- 4AC~m 4  (3.40)
+A~b5  MoAb~m + IAbm + 3A2b2 -1Abm

(-2w~2  56) d6  2d7 + 56d10 + 2dý1 = 4AC1  2AGC3 -2ACO (3.41)

+ 7A~b6 -17A~b 3 + MoAb, 3A~bo 5A~b3 - 1A~b

±7A~bo

(-30m2)dc + ( r122 -3011dy - 12da + 30d11 + 12d,,, 12AC 2 -6AC 4

(3.42)
-8AC'-,m - 2AC~m2 + 10AC 3m2 + 5A~b? 3A~b4

-35A~b 3 m 2 
-9 A~b2 - 11Aobom 2 + 46AOblm 2 

-A~b4

+ 5A~b2 17A~bIm 2 IO1A~bom 2 + 15A2b3 -33A 2b1 21A2bo
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(-12m')d 7 + (-30m' 12)d6  30d9 + 12d12 + 30d13  8AC 2 m 2 (3.43)

- 10AG 5 + 6AC 4 m' 12AC~rm4 + 2ACom4 + Mo~b,

+ l1Aob 5 - 2lAqb~m + 303Aoblrm - 13A~bom4 + 2Aob 2m

- 7A~b5 + 9Alb 2M2 + 3A~bom4 ~ Ab 7A b2 - 2btm~

+ 38A2bom2

(-2m 2)da +~ (-56m 2 -_ 2) c + 2d3 + 56d,4 2AC~m2 
-4AC 2m 4 (3.44)

+ 2ACom 6 + Aob9 +- 11Aob 2m 4 _ 5A~bom 6 - 7Aob5 m2

+ 3A2b5 - 13A2b2rrn2 + 17A2bom 4

(-2m 2 
-90)dl - 2d11 + 90d 15 + 2dl 6 =4AC3 - 2AC 6 - 2ACI (3,45)

-23A~bG + 19Aob 3 -5A~b 1 + 7Alb6 -17A~b 3 + 13A~b1

-3A~bo

n2 2
(-56r )d10 + (-12mn 56)d11  12dl 2 + 56d16 + 12d 17 =12AC 4

(3.46)
- 6AC 7 - 16AC 3m2  2AC~m2 - 6AC 2 + 14AC6m2

- 25A~blrn 2 _ 9Aob 7 -49Aqb 6m2 -_3A~b 4 '5A~b 2

+ 74Aob3M 
2 + Ajb7 + 9A41b - 31A~b3m 2 

-21A~b 2 -

- 7A~bom 2 + 38Aj1),n
2 + 21A 2b6 - 51A2b3 + 39A2bý, - 9A2b0

(-3)m 2) d,, + (-30OM 2 - 30)dl 2 - 30d13 + 30d, 7 + 30d,8 = 20AC 5

(3.47)
- IOAC 8 - 1OAC2M 

2 + IOAC~m' i- bAC~m2

-20AC~m4  CA~b8 - 35Aob 7M2  25Aob5 + 5A 2M
2

-~55A~b3M - 35A~b~rri 4 30Aob 4m 2- 5Alb 8 + 35Ajb 5

-5Alb 4n1- + 25Ablm I - 5A~b M4 - 30Alb 2m 
2 + 15A 2b7

-25A 2b4 - 65A 2b3m2 5A2b2 -25A 2bom2 4- 90A 2b~m2
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(-1m2 d12 + (-56ni 12)d - 56d, 4 + 12d8 + 56d = 16AC5m 2

13 ~ 1 I~ 5(3.48)
-14A C9 -. 2AC 2rn 4 + 6AC8m2 

- 12AC~rn' + 6ACm'n

+19Aobq 21A~bm S2 + 33A~b~m' 5A~i)2M1 
- 15A~blm 6 J

1- hAob 5M2  11A~b9 , 21A~b5rn 9A~b2rn4 
- A~b~m'

+9A 2b8 + A2b5 - 39A2 b,.m2 + 51A 2blm 4 - %3A~b1 rn'

+22'A2b2rn2

(-2m 2 d13 ~ -0n 2) d14 +- 2d19 +90q 2AC 9m - 4ACm 1

2AC~m 6  7A~b9rn + lliXb 5m4  5A~b.n-i+ 3A,,b9  39

-13Abrn+ 17A 2b~m 7A~bomG

(-2rn 132) dl 5 - 2d,6 - 3d 1 +2 2  A 6 -2C 0  (3.50)

-2AC- 3 + 25Aob6 - 7AOb., - 23Alb6 + 19A,ýb3 -5A~bl

(-90rn2)d,., (-12m' - 90)d,6 - 12d,7 +- 90d., ~- 12d,) 12AC-

-6AC 11 - 24ACrn2 -r 6C 1  6Cm 18AC10m-(.1

3A~b, 3A~b, -39A~b:, mn2  1O2A~b~m2 + 3A, b7

-45A,)b 6m -15A~b 1  9A~b2 - 21A~bni 2 
- 66A~bim 2

69A~bG 5'7A~b:j 1,5A~bl

(-56r)d (-Ov- 56)d1 -. - 'd8 56db 3d:i3.2

-10AAC 1  + 20AC 8 -8AC-m' IOAC.5 -6ACim 
2

18AC.3rni l4AC n 2 28AC~rn I 19AobH

I3A~b.5 -- 'Abr 2
- 77A~bý,.-n 57Aobni'

5 58A ob-rni2  29A~b8 -19A~b.-m 2 9 5  2I~~n

47A~b:3iyt  27A~blm I - 2A~blm 2 
-43A 2 b-

-9lAbc
2A2bCbM A2b2 51A~blrn .4AI3m2
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(-30m')d1 7 + (-56m' 30)d 18 -56d, 3 + 30d44+ 56d25  (3.53)

-- 14AC 13 + 28AC 9 + 8AC8m' - 18AC 5rn'

+ 6AC~rn 1 OA1 12 Mn - 2CAC 7M4 + 1OAC 3M6

- 41~b9 i- 1A~ 5m + 55A~b7m1 - 27A~b4rn4

-25Aob 3m6 - 14.A~b8M2 + 55A~b9  7Alb 8rf2

1 6 2
+13A~b,ml 15Alb 2M' - lIA~b~m -70A~b 5m

-17A~b 8 -C5A~b~m' ll1A2b5  9Ab2 2

+85A~b~im' - 57A2b~m4 - 74A2bmrn

(-12m~ldlq (-90ni2  12) djq -- 9Od2~1  12d2  + 20b 1A 1
(3,54

+ 2A m2- ±A T 6AC ,,m2 - 12AC~m'

-6ACjn
6 -- 33A()LE~m 4  3Aobs.n -15A~b 41TI

-30OAb~rr
2  33A~hbin -2SA~b.yiQn -3A~b~rni

9A 2b9 - :39A~bgm~ 51A~blin - 5A 2b.rn4

-21AýJhjri
6  6A,,b5m~

(-AM 2 )dlq + (-132n,2  21 do0 4- 2d2  132d,27 = ?C 11 i2  (3. 55)

-4AC~qrn' 2AC 51116 + llAobqni - 5Aobjm 6

13Aý,b~m , ,*A, b~v 1  7A~b~nmh

(-2m 2 - 182)d~l 20o, 2d. 4IAC 10  2A' 6 (3. 56)

- 9A,)bi 25A~b~ - 7AIIh,

--3 m~l i (-I\ 2vl. ýh

- A I, 3--' \ ) . 'ýn1j\ib:f
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(-..90m 2) d22 4 (-302 90)d 23 -3Od4~ + 90&.0 + 20d31  (3. 58)1

-20AC 12 - 6AC11m2 _ IOAC8 _ 2AC Tm2

+ 26ACdm4 - 36;A010I
4m + 11Ab 8 - -23AO137m2

- 7A2 b4 - 77A2b3m 2 1- 194A2bom'

(-56m2 )d23 + (-56m' 56)d 24  W26d5 + 56d~l + 56d32  (3.59)

-28ACI, 3 -14AC 3 -14AC~m? + 14IAC-,mi

28AC 11 mj, + 14ZIC~m g 2!Aob 9 + 7Aob 8 ni2

-49A~b-,m
4 - 315A~bcm 6 

-77AIb 9 + 49Alb5m2

+ 35Ajhjm 4 - 7A~blrn4  21A~b~m6 - 42A~b~m2 I
+ 7A2b8  7A 2b5 - 35A2b~jm 2 ~- 119A~bgr.14

-9JA 2b3m + 126A2b7M2

(-30m2)d2 , (_90M 2 - 30)d, 5 - 90d26 + 30d'32 - 90d.33 = 36AC 14 (3.60)

+ 16AC13m - 26,A.Cgm 2 + 2AC 8rn 4 
-20ACJ 2M 4

+ OAC 7rn + 3 7A obgn - 19A~b8m' 25A~b7rn6 +AlbaM
4

±35A~b.5rn 7A -bM 1lOA~bgrn - A2bg + 7A b-rn2

"± 85A~b7 M 4 - 49A2b~m' - 35A2b~jm 6 + 58A 2b&M2

2
(-12m )d2 ,5  (-132m~2  12)(16 - 132Ci27 + 12d:33 132033l (3.6])

4 4
- 32AC 14 MV - lACqm' - 12AC. ,irn + 6AC~rn6

+ lAobqrn 4  1 5A~b~m' - 33A~bqm4 
i-7)%b 5m6

-

4-5lA2bgm - 7A2Li5m - 21A2b4rl 6
- lOA 2bqrn
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(-2m )d 26 + (-182m2 
- 2)d 27 + 2d34 A 182d35 = 17A2b~m4  (3.62)

- 5Aob9m6 - 7A2b5m 6 + 2ACsm 6 - 4AC14m4

(-2m2  240)d.. - 2d 29  -9Alhb - 2AC1o (3.Q3)

(-182rn 2 )d2 8 + (-12m2  182)2.9 - 12d30 = 14AC 1om2 
- 6AC, 1 (3.64,

+ 5Alb7 - 49Ab 6nm2 
- 27A 2bS

(-132m 2d29- + (-30m - 132)d 36 -30d 31 = 2AC 11m - 10AC 12  (3.65)

+ 34ACom' 19Alb 8 - 7A~bým 2 
- 71AlbGm 4

- 13A2b 7 - 103A2bGm 2

(-90m 2)d.10 + (-56 2 - 90) d31 - 56d32 -14AC 13 - 10AC 12m2 M 3.66)

22AC 11m4 + 18ACIlm6 + 33Alb9 + 3FA•b 8 m2

+ A2b8 - 29Alb 7m4 
- 31Alb 6m6 -61A 2b7m 2

12EA 2b6m4

2 2 2(-56m,)d 31  (-90m2 
- 56)d 3 2 - 90d3:3 = -18AC 14 - 22AC 13in (3.67)

2 4+ 10ACIrmn + 14ACIlm6 + 77A1bgm 2 + 13Aib 8m

- 17Alb~m 6 
s 15A2 b9 - 19A 2b8m2 

- 83A2b~m

- 49A, bsm

(-30m 2)d 2� + (-132mn2  30)d 3.3 - 132d34 = -34AC14 m (3.68)

2AC 1 :3m4 + 10AC 12rn + 55Alb9 m4

3Alb 8m6 + 23Abgm2 - 41A 2bsm' - 35A 2b7m6

(-12m') d33 + (-182rn 2 - 12)d34 - 182d 35 = -14AC 1 4m4  (3.69)

+ 6AC 13M 6 + 11Alb 9m 6 + A2b.m4 
- 21A 2bnm6

2 ~ 6(-2m2 )d 34 + (-240m2 
- 2)d 35 = 2AC 1mn - 7A 2b9m6  (3.70)

I ____ __
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CHAPTER IV

COMPUTER ANALYSIS AND NUMERICAL EXAMPLES

E quations (3. 7) through (3.9) for the first-order approximation of ;'

are .writtan in matrix form and designated as the W-matrix with the following

nonzero elements:

WI = 5m 4 + 2m 2 + 1 W 2 =-2m 2-

2IV = -10me2 - 21 W 4  A2m2 121
W 22 , = 1Om' + 6m2 W2 3 =105m4 + 20m 2 + 3

W2 4 4

W32 - 5m 4 4- 12m 2 
* 15 W3 3 10M 2 + 6

A 2m
2

W3 4 12

" W2,1 , 2 W, A, = W".

L w3, 1 w3 ,3 J 3j [Aw3,4j

W-Matrix

Equations (3. 10) through (3. 19) for the first-order approximation of -

W are written in matrix form and designated as the X-matrix with the following

nonzero elements:

S' 1
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X I= m 2 + 3 X1 2 =-3

XI 3 1X1 11 =AAo

X 2 =m2 + 10

X2• = -10 X2• 5 -1

X2 11= AA, - 2AAo

2 2
X3 2 = 3m X:1 .3 = 6m + 3

X3 5 = -3 X3 6 = -6

X3 11= 3AA 2 - 2AAom 2 
- 2AA~r 2

= T2

X4 4 r + 21 X4 5 1

X4 7 =-21 X48 -1

X4 11 = AAo- 2AA1

,= 5r2X5 5 3m 2 + 5

X5 G =3 X5 = -5

X5 9 =-3 X11 AAom2 + AAm 2 -3AA,,

X6 5 =3rn X 6 6  15m 2 + 3

X6 9 -3 X = -15

X6 11= AAom 4 + 4AAIn 4 
- 6AA 2m

2

X 7 7 + 36 X 7 3 =

X7 11 AA 1

X8 7 = 21m2 -x88 r2 +2

9=68r = 6m + 21

X8 9 =6 X8 11 3AA,



33 i

)t

X9 8 =10m 2  X9 9  15m 2 + 10

X9 1= 15 X9 g = 6AA 2m 2 - 3AA 1nm4

Xo 9= 3m 2  XIo o = 28m 2 + 3

X10 11 3AA 2m' - 2AA~m'

XII XI,2 XI, 3 . . .. .. .. ..  .  I 10 bo XIII

X2, I . bI

X3 1 .. . . .... b2

b3

b5

. ..... ... b6

•:. b . I
8b 8,

X, I . ........ X10 o, b 9  X1 0 , 1-

X-Matrix

Equations (3.20) through (3.34) for the second-order approximation of

¢ are written in matrix form and designated as the Y-matrix with the following

nonzero elements:

Y = 120m4 + 144m 2  120 YI 2 : -144m' - 240

Y = -240m 2 - 144 Y14 = 120

Y 15 72 Y, 6 120
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1Y = 8A2 - 24Axn2 
- 32AoA1 - 4A' - 12AA 2 + 4Abom 2 

- 2Ab 2

Y2 2 120m 4 + 480m 2 + 840 Y2 3 = 240m2 + 240

Y2 4 -480m - 1680 Y = -240m 2 - 480
25

Y2 6= -240 Y2 7 = 840

S2 8 240 Y2 9 = 120

Y2 16= 80AoA - 48AoA1m2 + 16A2 + 48A2m2 + 16A2 + 48A1 A2

- 2Ab 4 + 4Ab 2 ÷ 4Abjm 2 - 4Abom2

Y3 = 240m4 + 240m 2  Y3 3 840m4 + 480m2 + 120

Y3 4 -240m 2  Y3 . = -480m 2 
- 240

2i
Y3 6= -1680m 2 -480 Y3 8 = 120

Y3 = 240 Y3 10 840

Y3 16 = 240AgA1m 2 + 16AoAmr4 + 32AoA 2 - 256AOA 2m 2

-80A~m 2 144A)n - 112AA 2 + 192AA 2m2 
- 48A2

2 M2

32AIm2 
- 4Ab. - 8Ab 2m2 - 4Abom'

Y = 120m4 + 1008m2 
- 3024 Y4 5 = 240m 2 + 504

Yjý = 120 Y 7= -1008m 2 
- 6048

Yq = -240m 2 -1008 Y4 .9 -240

YI - 3024 Y112 504

YI :j = 120

Y 16 = -24A - 24AOm 2 + 96A0A~m2 - 48A2- 24A~m2
- 72AA 2

- 2Ab7 t 4Ab, - 2Ab 2 ± 4Ab 3m2 4Ablm 2
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Y5 4 = 800m4 + 1680 Y5 5 = 840m 4 + 1600m 2 + 840

Y5 6 = 1680m 2 + 800 Y5 r = -1680m 2

8 -1600m 2 
- 1680 Y5 9 = -1680m 2 

- 1600

Y5 io -1680 Y5 12 840

Y5 1 3  800 Y5 1= 840

Y16 =256A0A 4 
- 640AA 1m2 �4 64AoA 2 + 512AoA 2m 2 + 400AIA..

_ 332AjA 2m 2 + 48A~m2 _ 144A~m4 _ 16A'm 2

+ 16A 2m4 - 4Ab8 + 8Ab5'+ 8Ab4m 2  8Ab 2m 2  
'4Ab m

4
Xs 6 20m5 = 504m 4  240m 2

Y6 6 = 3 024m4 + 1008m2 + 120 Y6 8 = -240m 2

Y69 = -1008m 2 
- 240 10 = -6048m 2 

- 1008

Y6 13= 120 Y614 = 504

Y6 l5 = 3024

Ye 16 = 72A2m - 120Aim 6 
- 384AoAIm 4 •.tiAoA 1m6 _ 192AoA 2m 2

+ 768AA�~m2 + 480AIA 2m2 
- 552AIA 2m1 - 72A~m4 + 24A'2

- 24A~m2 
- 6Ab 9 4 12Ab5rn 2 - 6Ab 2mI

Y77 120mr4 + 1728m 2 + 7920 Y7 8 240m 2 + 864
Y7 9 120 Y7 11 -1728rn 2 

- 15,840

Y7 12 -240m 2 
- 1728 Y7 1.= -240

_Y71 -48AoAI - 18AoAln 2 
± 96AI 48A2m° 48A1 A2 + 4Ab7

- 2Ab 4 + 4Ab 6m2
- 4Ab 3m2
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Ye 7 - 16EJm 4 + 6048m 2  Y ,1-= 840m4 + 3360m2 + 3024

Ye 9 = f.80mn + 1680 Y8 10 = 840

2Ys = "6048m Y8 12 = -3360m' 6048

Yj 13 = -1680m 2 -3360 Y814-= -1680

)t8 A = 3f6AoA1m2 
- 272AoA1m.4 - 96AoA 2 - 256AoA 2m2 

- 144AIm 22 2-
+ l2AIm4 

- 336AIA 2 + 1088A1A 2n
2 

- 144A2 + 8Ab 7m 2  I
+ 8Ab 8 - 4Ab 5 - 8Ab 4m 2 - 4Ab 3m 4

Y9 7 = 840m4  Y9 8 = 1680m4 + 1680m 2

Y99 3024m4 +3360m 2 +840 Y9 10 = 6048m2  1680

Y9 12 = -1680m 2  Y9 13 = -3360m2 - 1680--

Y9 14 = -6048m 2 
- 3360 Y8 15 = -6048

Y-9  = 560AoAjm 4 - 144AoAlm 6 + 64AoA 2m2 - 768AoA 2m4

- 1280AArm2 -+ 1872A 1A2m4 
- 16A~m 4 

- 96A~m 6

+ 48A2 + 48A2m + i2Ab9  12Ab 8 m2  12Absm2

- 6Ab 4M-

Ylo 8 120m 1  Ylo .9 864npý 240m2

Y 1o = 7920m + 1728rn2 + 120 Y10 13 = -240m 2

Y1o 41 = -1728m 2 
- 240 YIO 1 5 = -15, 840m 2 

- 1728

Y1 o l = 176AoA~m 6 + 80AoAlm 8 + 160AoA 2m - 512AoA 2mr

- 624AA 2m4 + 512A1 A2m6 + 64A'm 6 
- 112A m2

+ 352A2m4 + 16Ab 9m 2
- 8Ab 5 m'
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Yl 11= 120nm4 +2640m 2 + 17,160 Y11 12 = 240m 2 + 1320

Yil 13 • 120

Y1 = 16 -60A• - 24A2m 2 - 12AIA 2 - 2Ab7 - 4Ab6m2

Y12 1= 2880m 4 + 15,840m 2  Y12 J2 840m 4 + 5760m 2 + 7920

Y12 13 = 1680m 2 + 2880 Y12 14 = 840

Y12 16 96AIm2 - 128A2m4 + 48A1A2 - 448A1A2m? + 48A? - 4Ab 8

- 8Ab7 - 4Ab~m.

Y13 11 3024m Y13 12 3528m: + 6048m2

Y.3 13 =3024m + 7056mr+ 3024 Y13 11 = 6048m + 3528

Y13 1.5 L-3024 
"•

162 192 2Y13 1 0 = 192Am - 24A m6 ÷ 672A1A2m2 - 1320AIA2m4 - 72A'

-24A)m
2 

-6Ab, - ,2Ab m2 - 6Abmin 4

:Y14 12 : :840m: Y: : 1:3 = 2880m: 1680m 2

SY14 14= 7920m 4+5760m2, 840 Y14 15 15,840m 2 + 2880

Y,, 6 16A'm' + 80A~m 880AA2'-'• 1024A,A2M' 6Am

I 352A2r• 16Abm - 8Ab8m

Y15 13 = 120m4 Y5 14 - 1320mn + 240m 2

Y 1.5 1. = 17, 160rn4 + 2640m2 + 120

Y5 16 256AIA2Mm 140AA 2m' 88Amrn' 280A'm - 20Amlm 8

S- OAb gml

S.... . --
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Y i, . . . . . . . . . . . . . Y1, 15 Co] Y1, 16

.[ . . . . . . . . . . . . . c,. Y2, 16

.. . . C Y3 , 16

. . C3 Y4,16

.C4 Y5, I0 2:_
. .. . . . . * . 05 Y ,I

. . . .. . . . . . 6 y7, 16

....C Y8, 16

. . .. . . .* . 08 Y9, 16
C71= Ys 0, 16

. . . .. . . . . .C9 YIO, 16

..C,0 Y 1,, 1 6

.. CII Y 1 2 ,l1

... 12 Y 13, 16

.. . . . . . . . . . . . . C 13  Y14 . 16

I Y15 . 1 ........ ............. Y15,15 C 14  Y15 ,1 6

Y-Matrix

Equations (3.35) through (3. 70) for the spcond-order approximation of

W ' are written in matrix form and designated as the Z-matrix with the following

nonzero elements:

Z, -2m 2  2 Z, = 2

Z, 2 Z, 37  A0b0

II
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Z2 2 = -2 -12 Z2 3 = -2

Z2 4 = 12 Z2 5 = 2

-2 37 -2ACo + 3Aob 5Aobo Albo

VZ3 2 = -2m 2  
Z3 3 -12m 2 

- 2

3 5= 2 Z3 6- 12

Z3 37 2ACom 2 
- 7Aob om 2 + Aob 2 + 3A 2b0

Z = 4 -2m 2 -30 Z4 5 = -2

Z 4 ,= 30 Z4 8 = 2

SZ4 = 4ACo - 2AC 1 - 5Aob 3 - llAob1 + 7Aobo + 3Albl _ 5A1 b°

Z5 4 -12m 2  
Z5 5 = -12m - 12

Z56 -12 Z5Z = 12

Z 5 9 =12

Z5 37 6ACmr2 ÷ 3Aob 4 - 6AC 2 - 5Aob 2 - 21Aoblm 2 + 18Aobom 2

- 3Alb 2 - 3AIbon. 2 + 9A 2b1 - 15A2bo + 8Aob 2

Z6 5 = -2m 2  
Z 6 -30m 2  2

Z 6 9 = 2 Z6 10= 30

Z6 37 2AC 2m - 4ACorm4  Aob 5 - 7Aob 2m2 + lAobom4 + 3A2b2

- 13A 2bom 2

Z7 7 -2m 2  56 Z 7 8 = -2

Z7 11 = 56 Z7 12 = 2

Z737 =4AC1 - 2AC 3 - 2ACo + 7Aob 6 - 27AOb3 + 13Aobl _ 3Aob°
+5AIB3 - 1iAlb1 - 7Abo
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I2j8 = -30m2  Za -12m' -30

Z8 9 =-12 Z8 30Iq 1 12
Z83 12AC 2 -6AC 4 -8AC~m

2  2AC,,, 2  IOAC 3rn2  Ab 7

2 2
- 3Aob4 -35Aeh, 3m -9A(b 2 - llAobom + 46A~hlrn'

- A -b4  J.5Alb2 -17Abm + 0~~n 5 2b3

-33A~b + 21A~b

Z9 8  -12m Z9 - 3Wta

Zq 10 = -30 Z9 13 = :2q

Z914 30

z9 '37 SAC2 -,2 1A. 6AC~m' - l2AC 1rn + 2AC.m Ab

11A0V -; 2lAqbjm2
- 33A~blm4 _ MoAb m 4 +- 2Aob2 M

2

-7 Ajb 5 +9A~b 2 Mn 3 ~A Ibon 9A~ - 7A-?bý 39A2 Lb'M2

±318A 2borr2 2

ZJ -2mn '-10 10 =-56m2  2

Z10 1-1 2 Z015 =5

=i 7 2A.C~m 2  4AC.,ryt 2) 2AC%',o G Aobq + llAob~m4  5A~borm6

-7Aob 5 m 2 + 3A 2b5 - 1A 2hlm 2  1 7A2 bem 4

=j 1 -2m- - 90 =1 1 -2

-'l1 90 ".27

ZI 3, 4AC 3 -2AC 6 - 2ACj 23Ao~b6 + i9A~bs 5A~bl 7A~b6

- 7A,,b3 4- 13A~b1 3A~bo
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Z12 1= =6m2Z 12 12 = -12m -56

Z 12 13 =-12 Z1 1 56

Z1 7= 12AC 4 -6AC 7 - 6AC 3 In 2 + 2AC IM2 
-6AC 2 + 14ACcm'

25Aobiml - 9Aob 7 - 49A~b6m 2 3Aob4 + 5A012

+ 74A Gb3m 2 + Ajb7 + 9A~b4 - 31A~b3m 2 
-21A~b 2

-7A~hom
2 + 38A~blm 4 21A 2be 51A2b3 + 39A2,,1  9A2bo

Z 13 12= -3OM2  z13 13 = -3OM 30

7,13 1 4 = -30 Z318 3

Z 13 19 30

Zl 3 20OA C5 - OAC 8 -!OAC 2rn + lOACnim + OAC 7 -n2

-20AC n 4 + Ab 5~~ 2 
-25Aob + 5Aob2n-i2

-55AO6iým' - 35A~blrn4 + 30Aob 4m2  5Alb8 + 35A~b-5

- 5A~b4rni2 
+ 25A~blm 4 

- 5A~bom 4 _ 30A~b2m2 + 15A 2b7

-25A 2b4 -65A 2b3M 2 + 5A2b2 - 25A 2bom 2 + 90A2bm 2

Zi1 13 -12m Z1 14 =-56m
2  12 1

Z1A 15 =-56 Z 19 =12

Z14 20 =56

Z1 37 l6AC 5 mn 14AC 9 -2AC 2 M'- 6AC8m2 
- 2AC 4M~

+6AC 1m6  19A~bg - 21A~bem 2 + -.3A~blm 4  5Aob 2m4

- 15~bm - 14A~b, M2 _ 11A~b, + 21Alb5 M 2 _ 9A Ib2m 4

- Albom6 4 9A 2b8 + A2b5 -39A 2b4M~ 2 5A 2blm4

- 23A2bomd 4 -+ 22A2b2 -n 2
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Z15 14 =-2m
2  Z5 15-gon 2

Z152 20 Z15 21 90

Z =53 2ACgm 2 
-4AC~m

4 + 2AC2m' 7A ýbqm 2  11A~b M4

-5Aob 2M + 3A2 bq - 13A~b,5m 2+ 17A 2b.tMn4 
-7A 2bom6

Z16 16 -2m 22  132 Z1 T= -2

Z16 37 £4A09- 2ACIO 2AC3 + 25AOb6 [Aob3 -23AtbG

Z1 6= 130M2 Z17 7= 1im2 9

Z7A= -12 Z17 2 3 = 90

Z124= 12

Z1 7= 12A0 7 -6AC 11  24AC 6m 2 _ 6A-4 + 6AC 3 M 2 + 18AC10m 2

+ 3Aob7 +3Aob 4 -39A~kr-n 
2 + 102Aob6rn 2 + 3A~b7 -45Alb 6ni2

- 15A~b4 + 9Alb 2 -21'Alblm
2 +~ 66A~b3M 

2 
-69A~b 6 + 57A2b,

- 15A 2b1

Z817 = -56m 2  ZI 8= -30m 2 
-56

ZI 9= -30 Z824 = 56

Z1 5= 30

Z1 7= 26AC8 - 10AC 12 -8AC 7M
2 - 10AG 5 - 6AC4 M

2 + 18AC 3 M
4

+ 14AC I m2  28AC 6 mn - 19Aob8 +1Ab Abm

+ 77Aob6m4 
-57A~b 3 n;'ý + 58Aob 7M 2 + 29A~b8 - 19A~b7i-n 

2

4 49A Ib,, + 21A~b2M 
2 + 47A~b~m 4 -27A~blm 

4
- 2A~b4in 2
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-43A 2b7 -91A 2b~m + 23A 2b4 -A 2b2 -51A 2b~m' + 142Abrn

119 18 = -3 Om 2  
19 =-56rm2 -30

5 ~21 20 = -5625 3

Z126= 56

=1 3 28A0 9  -14AC 13  + 8AC 8M2  
- S CM 2 

+ 6A rn

+~ IOAC 12ni2 20AC 7m4 + 1OAC3M6 
- 41AOb9 + 21Aob5m2

-55Aob 7M4  27Aob4M 4 
- 5Ab,ým 6 + 14Aob 8m 2 + 55A~bg

-7A~b 8rnm 13A~b4 m4
. 15Ab2 - 1A~birm - 70Alb 5M 2

- 17A~b8 -65A 2b7M2 
-* 1Apb5  9A b2 M2 

+ 5~~ 4

- 57A 2bmn4 -74A~b 4m 
2

= 1Z2
20 =- -90M' 12

=l 2 -90 Z2 2 12

Z027 = 90

248CACn2  
- 6AC5M 6A C . -rr 12ACsm4

-6AC 4rnl + 30Aob 8m4 
+ 3A~b.5 mn 15A Qb4in 30A~b!rn2

-~33A~bgin
2 + 2 8A Ib.3m 4  3Alb 2rni + 9AMbq - 39A~bgn-M2

-5lA 2b4mn4 
- 15A 2b2rn 21A2blinG + 6A2bsrn2

Z120 = -2rni2  Z121 -132mn2 
- 2

ZII 27 =2 Z2 1 2 8  132

Z2 3 2AC12rn2 -4ACqm 
4 ý 2AC 5rn6  ll1Aohqm 4 

-5Aob 5M 6

-13A 2bf!~m
2 

i17A 2bsnf't - 7A2ib2ni
6

-22 22 -2m2 182 Z223. -2
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Z229 = 182 Z230 2

Z2 7= 4C - 2AC6 9Aob 6 + 25A~b6 - 7A~b3

Z322 = -132m 2  Z323 = -12m 2 _ 132

Z324 = -12 Z23 30 = 132

Z2 31 = 12

- 2 22

-9Alb 7 + 7Alb4 -35Ajb 3m2 + 94A~b6m2 + 75A 2b6 -*21A 2b3

Z24 23= -90M 2  Z'424 = -30m 2  90

252 = 35 Z24 :31 90

Z-14 32  30

2 22

+ 21A~b.5 + 7A~hlm 2+ 69A~b6m' - '49Alb3m1 4 26A~b M2

+ 41A2b7 - 7A 2b4 - 77Ab.3m 2 + 194A,)b6rnl2

Z524 = -56mri 2  Z525 =-56m 2- 56

Z2 6= -56 Z-25 :32 56

Z2 3= 56

Z2 3 28AC1 .3 - 14AC~q - l4ACBrn 2 +i 14AC 7M 28AC11rn 4

-t14AC~m
6 + 21A~bq +- 7A~b 8m 2  4 49A~brn- 35A~b6m'

-77A~bg + 49A~b,5m 2 + 35A~brn - 7A~bmM4 21A~b~n

- 42Aibain 2 +t 7A2b8 4- 7A 2b,5 -35A 2b~m 2 + 119A2b6rni

- 91A2b;3m4 126A,)b7ni 2



r)

45

Z26 25 = -30m2 Z28 26 = -90n 2 
- 30

Z26 27 = -90 Z28 33 = 30

Z26 34 = 90

Z26 37 = 36AC 14 + 16AC13m 2 
- 26ACgm 2 + 2ACsm 4 _ 20AC1 2m4

71AM + 37A m - 19Aobm 25Aob 7M + Ajb8rl1

+ 35Alb5 n 4 
- 7A 1b4m6 

- ll0A1bgm2 - 27A2b9 + 7A 2bNm 2

f + 85A 2b7m 4 
- 49A2b4m4 35A2b3m6 +58A 2b8m 2

Z27 26 -12m 2  
= -132m 2  12

•.=Z27 27 =-12m 1

Z27 28 = -132 Z27 34 = 12

Z27 35 = 132

7,27 3,= 32AC 1 4mL - 10ACgm 4 
- 12AC 13m4 + 6AC 8m6 + llAobgm 4

_ 15Aob8m6 
- 33A1bgm4 + 7A 1b5m6 + 51A 2b8m4 

- 7A 2b5m4

- 21A 2b4m
6 

- 10Aqb 9rn 2

Z 28 27 = -2m 2  
28 -182m 2  2

Z28 35 2 Z28 36 = 182

Z28 37= 17A2bgm 4 
- 5Aob.m 6 

- 7A 2b5m6 + 2ACgra 4AC 1 4m4

7 2Z29 29 = -2m - 240 30 =

Z29 37 = -9A~b 6 - 2AC10

Z30 29 = -182m 2  
7'30 3 = -12m 2 

- 182

Z30 31 = -12

Z30 37 14AC 10m2
- 6AC 11 ± 5A~b7 - 49A1b6in 2

- 27A 2bg
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Z31 30 = -132m 2  Z31 31= -30m 2 
- 132

Z31 j2 = -30

ZSI 37 = 2AC 11m2 
- 10AC 12  34AClom + 19Alb 8 - 7Alb7x 2

- 71Albemr4 - 13A 2b7 - 103A2b6m
2

Z42 31 = -90M 2  Z32 3= -56m 2 
- 90

Z32 33= -56

=4 2Z32 37 22AC0lm - 14AC 13 - 10AC 12m + 18AC1 om6 + 33A 1Ia

4- 35Alb8m2 + A2b8 - 29Alb 7 nm - 31Albs 6 - 61A 2b7m

125A2 b6m 4

Z33 32 = -56m 2  Z 33 33 = -90m 2 
- 56

Z0.3 34= -90

Z33 37= 10AC 12m4 
- 18AC 14 - 22.AC 13m' + 14AC 11.A6 + 77Albgm 2

- 13Alb 8m - 17Alb 7m
6 + I Ab9 - 15A 2b~m 2 - 83A 2b7m4

- 49A2b6m 6

Z34 33 = -30m 2  Z34 34 = -1321n2 _ '0

Z34 35 = -.132

Z34 37 = 10ACA2m 6 
- 34AC 14m 2 

- 2AC13M 4 + 55Aiblm4 - 3Alb 8m 6

+ 23A 2bmr2 
- 41A 2bsm 4 

- 35A 2b7m6

Z35 34 = -12m 2  Z35 35 - -182n - .

Z35 36 = -182

Z35 37 = 6AC 13m
6

- 14ACh1in 4 + 11AbImi6 A2bm 4 - 21.b, bM 6
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ZG 35= -2m 2  Z3, S= -240M 2 -2

Zs 6 d Z=7 2ACJZ - 7Afbhmi

All elements in the W-, X-, Y-, and Z-matrices which are not other-

wise defined are zero.

The total volume rate of flow through the pipe, QT, is given by

Q W ~a (Q° + KQ4 + K f02), wh(4re

•: ~x0l y= -O
X=1 m

Q0 4 f f W, dydx (4.1)

• x=O y=O

=1M

Q1 =4 f f W, dy (ix (4.2)

X-O .7=0

Q2  4 f f W• dydx (4.3)x=0 y=0O

Since the equations are in nondimensional form, the limits in the x-direction

are taken to be from x = 0 to x = 1 and the limits in the y-direction are from

v = 0 to the boundary of the cross section.

From equation (3.3) it is noted that W1 is a function odd in x and even

* in y integrated over an area symmetric about the origin. Therefore, Q1  0

and the first approximation of Whave no effect on the flow rate.

Since Q1 = 0, the equation for the total rate of flow through the pipe is

reduced .r:

i i r lf -l
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QT= Wa 2[Qo - Q2K2]

The product QoW 0a 2 is the rate of flow through a straight p.ne. Therefore, the

total flow rate is expressed as:

Q = QOW~a[ -a2-' K2 (4.4)T QO

9 The bracketed terms represent the reduction in flow rate due to the curvature

of the pipe and are designated as:

F
c 2 2- K2 (4.5)T : Qo

where F /F is the rptio of the flux through a curved pipe to the flux through a

straight pipe, both having the same cross section., length and inlet pressure.

Equations (3.1) and (3.5) are even in both x and y, arid to simplify

integration are written as follows:

Wo = A - Ax 2 
- Am 2y2  (4.6)

XW2 = do - (dl - d0)x 2 + (d 2 - d0m2)y 2 + (d, - dl)x 4  ( (d4  d2 - dm 2 )x2y2

(4.7)
+ (dC5  d22m2)y4 + (d6 -- d3)x 6 + (d7  d4 - '%M2)x4y2

+ (d 8 - d5 - 4m2 )x 2y 4 + (d9 - d5m 2)Y6 + (d 10 - d6)x8

+ (dlj - d7 - d6m
2)x6y2 + (d12 - d8 - d 7m 2)x 4y4 - (d 13 - d9 - d 8m)x y

+ (dd4 - dqm 2 )y8 + (d•,5  d10)x10 + (dC-6 - Cl1 - d_0rm2)xBy 2

+ (d17 - dl12 - dm 2)x~y 4 + (d, 8 - d13 - dj2m 2)x 4y6
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+ (dig - d14 - d, 3m4)x 2 y' + (d20 - d14m2 )y10 + (d21 - d, 5)x 12

+ (d22 - d16 - d15m2)xly 2 + (d23 - d17 - d16m2)x~y4

+ (d024 - dig - d 7m2)xy 6 + (025 - d19 - d m2)x4y 8

+ (d2 - o- digm 2)x2y1 ° + (d 27 - d20m2)y 2 + (d2 -d2)x

- (d29 - d22 - d21m 2)xY2y + (d30- - d2 m2)xY 4

+ (d31 - d24 - d23m)xy' + (d32 d25  d2 M2 )x~y8

+ (d3a -- d26 - d 2 5m
2 )xy + (d34- d 27 - d26m 2 )x 2y1 2 + (d3 27m2 ) Y14

(-d 28x16) + (-d29 - d 242 (-d3 - d29m2)x12y4

-4 (-d31 - d 30m2 )xy 6 + (d32 - d31
2  + (-d33 - d 32mn2) x'y 0

2' 4 12 2 ¶ 214 2 1+ ( - d33m-)x y + (-d3 - d34m•)X y-d + (-d 3 sm2 )y 1 6

The integrated portion of each term of equations (4. 6) and (4. 7) is represented

by:

1 1 x2

4 ff X y dy dx
x=O y=O

where the proper i and j are taken from the term being integrated. Integration

with respect to y simplifies this expression to:

I .j 
+ 14 2 -•-

(J-+ l)mJ± I x(I - x') dx

The evaluation of Q0 and Q2 is reduced to the evaiuation of this expression for

each term in the equations, multiplying it by the corresponding coustant and



, )

51

summing the values obtained for each term in the equation.

A computer program was written for the preceding W-, X-, Y-, and
Z-matrices and the double hitegration of the solutions. The following 20 cases

are presented:

Case I rn 0.1 C 2.02

"F
--- = 1 - 0. 785935 X 10-9K 2

F
s

irWoa2

Q T (1 - 0.785935 X 10-9 K2 ]
0.2

Case_2 m= 0. 2 C 2.0o

F
1 - 0.140091 X 10-TK 2

S

T 04a [1 - 0.140091 X 10- 7K2 ,
T 0.4

Case3 m =0.3 C =2.18

Fc 
•

"F 1 - 0.623529 X 10-7 K-
S

lr~2
T...fW-[1 0.623529 X 1()-7K

z 0 . 6

C(:se-- in= 0.4 C =2.32

F

1c 0.136545 X 10- 6K 2

S

S .- r...~ • o., • X 10lOK2J•i • "7ri
0, 1,, ý,.
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Case5 m =0.5 C =2.50

F
1 - 0.194319 X 10- 6 K2

F
s

QT = iW7a2[l - 0.19431hX 10-K 2 ]
T

Case 6 m =0.6 C =2.72

F
F 1 - 0.209387 X 10-K 2

S

QT iiWa2 [1 - 0.209387 X 10-_:i2 1
T 31.2

Case7 rn= 0.7 C =2.98

F _ 1 - 0. 188178 X 10-6K 2

F S

- 1W.4 2 [1 - 0.188178 X 10-6K2

Case 8 m = C.8 C =3.28

F

F 1 - 0.150800 X 10-6K2
F

s*

QI, 7TW1a2 [1 - 0.150800 x 10- 6K 21
1.6

Case 9 m = 0.9 C =3.62

F
c 1 - 0.112857 X 10- 6 K2

FS

= rW~a2 [1 - 0. 112857 )< lO-K 2j
QTr 1.8
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Case 10 m =1.0 C =4.00

F
1 0.813396 X 10-7 K 2

F
S

Q T _Woa -iQW=a2  
- 0.813396 X 10-K 2 ]

T 2

Case 11 m=1.1 C =4.42

F

1 - 0.575702 X 10- 7K 2
F

7rWoa2

Q rW - 0.4575702 X 10-7K 2j
2.2

:2.

Case 12 m = 1.2 C = 4.88

F

S1 0.404917 X 10-7K2

F

S

= [1 0.404917 X 10-7 K 2 1

2.4

Case 13 Ii 1.3 C 5.38

F

c V 0, 284980 X I 0-7X2

s

Q T - rWa2 []-0.284980 X 10)-7K]

2.6

Cas..ee 1__4 m = 1. 4 C =5.92

F
S0.201481 X 0-'IK 2

7rW~a -
Q,, -- • ? -0. 201481 X 10 -? 2

2,8
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Case 15 m= 1.5 C =6, 50

F

c= 1 - 0.143396 X 10- 7K2

F
s

Q rWa 2 [1 - 0.143396 X 10- 7K2]

T 3

Case 16 m = 1.6 C =7.12

F
= 1 - 0.102846 X 10- 7K2

F
S

QT = [1 - 0.102846 X 10- 7 K2 ]

3.2

Case 17 m = 1.7 (2 = 7.78

F
= 1 - 0.743684 X 10-SK2F

S

T= 7rWa 2 [1 - 0. 743684 X 10- 8K21

T 3.4

Case 18 m = 1,8 C =8.48

F
F - 1 - 0.542271 X 10-8 K2

F
s

Q irW3a2 [1 - 0.542271 X j.0- 8K2]
T 3.6

Case 19 m = 1.9 C = 9.22

F
F 1 - 0.398714 X 10 8K2
F

ilrQT [1 - 0.398714 X 10-8K 2]
T• 3.8
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Case 20 m = 2.0 C = 10.00

F
- = - 0.295576 X 10-8 K2

s

7rWoa2Q - W 1 - 0.295576 X 10-8K2]

4

S tituting equation (4. 6) into (4. 1) and integrating yields:

- rW 0a2C
Q0 4m(m 2  1) (4.8)

which is the rate of flow through a straight pipe with an elliptical cross section

for any C > 0 and m > 0.

The computer program solves the problem for any C > 0, but for the

examples presented C = 2(m 2 + 1) by c2hoice. If m = 1; c = 4, which is the

value of C taken by Dean for his solution and equation (4. 8) reduces to:

Q(- 7rW 0 a2  
(4.9)

2m

I, •
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CHAPTER V

DISCUSSION

After formulation of the present theory, a digital computer program was

written to obtain the required solutions. The program is in Appendix A. To

get the rate of flow through a pipe with a small curvature and an elliptical

e0-;ss section requires the following input data: (1) the value of C for the ruid,

(2) the value of m for the elliptical cross section, and (3) the value of K

(Dean's number).

Twenty cases were consider-ed for C 2 2(m 2 + 1), m 0.1, 0.2,

0. 3, ... , 2. 0. The solutions were expressed in terms of K and the nondimen-

sionalization constants W0 and a. Tne results for these cases are presented in

Chapter IV and Appendix B.

The graphs in this section are plotted for the cases C = 2(m2 + 1) and

m = 0.5, 1.0, and 1. 5. The cross section of a pipe is shown in Figure 3 for

each value of m.

A. Streamlines in the Cross Sectional Plane of the Pipe

and the Vorticity Centers of the Secondary Flow

The first-order approximation of the streamlines, ¢1 = constant, was

plotted by Thomas and Walters [19641 for a pipe with an ellipt'.cal cross section.

The second-order approximation of the streamlines, 0 2 = constant, has not
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-m =0.5

m 1.0

I
Fgr 3CrsSetoofPpatn 0..., .0, 1.5
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I x
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Figure 3. Cross Section of Pipe at m 0.5, 1.0, 1.5
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previously been plotted for a pipe with an elliptical cross section. The centers

of secondary flow were presented by Dean [1927] for a pipe with a circular

cross section. The following is an extension of the existing data and is in

complete agreement with it.

1. First-Order Approximation of Streamlines
on the Cross-Sectional Plane of the Pipe

To plot the streamlines, ¢1 = constant, on a cross section of the pipe

equation (3.2) is expressed as

[Alyjx 6 + [(A 0 - 2A 1)y + (2AIm 2 + A2 )y 31 x 4  (5.1)

[(A 1 - 2A 0 )y + (2Aom 2 
- 2A1 ,.n2 

- 2A 2)Y3

+ (Alm4 + 2A 2m2)y5 ]x2 - [Aoy + (A2 - 2A0m 2)y 3

+ (A om - 2A 2m
2)Y5 + A2 mY -4 ] = 0 o

Constant vaiues are taken for 01 and y. This reduces the bracketed terms to

constants resulting in a sixth-degree poiynomial in x with constant coefficients.

The data required for a plot of x versus y with 61 = constant are calculated by

subroutine PLOT of the digital computer program in Appendix A. These data

are presented in Tables 1, 2, and 3 and plotted in Figures 4, 5, and 6.

Figures 4, 5, and 6 show, as can be seen from cp,,iation (5.1), that the value

of x is undetermined if y = 0. The streamlines, 01 = constant, are symmetric

with respect to the --axis. Taking the negative value of the constant used to

plot the streamlines in the first and second quadrants results in another curve

in the third and fcurth quadrants. The streamlines plotted for the two constants

AI
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Table 1. First-Order Approximation of Streamlines-
in the Cross Section of the Pipe at m = 0.5

I5 X 0- 4  =2 X 10-3

1.7 0.2037 -0.2037

1.3 0.5673 -0.5673 0.2966 -0.2966

0.9 0.7129 -0.7129 0,4902 -0.4902

0.5 0.7551 -0.7551 0.4674 -0.4674

4 0.1 0.4538 -0.4538

= -5 X 10- 4  = -2 X 10-3

0

-0.1 -0.4538 0.4538

-0.5 -0. 7551 0.7551 -0.4674 0.4674

-0.9 -0.7129 0.7129 -0.4902 0. 49G2

-1.3 -0.5673 0.5673 -0.2966 0.2966

-1.7 -0. 2037 0.2037

are symmetric about the x-axis and the origin. The x, y relation is dependent

on the parameters C and mi. In the cases plotted C 2(m 2 + 1) by choice. In

loose terms, the sKreanilines may be thought of as projections of the paths of

fluid elements on the cross section of the pipe. The secondary motion is caused

by the pipe curvature and represents a loss of energy which retards the primary

flow through the pipe for a given inlet pressure.
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Table 2. First-Order Approximation of Streamlines
in the Cross Section of the pipe at m = 1.0

y x x !S X 10-4 l7 X 10-4

0.9 0.2175 -0.2175

0.7 0.5905 -0.5905 0.3147 -0.3147

0.5 0.7483 -0.7483 0.5184 -0.5184

0.3 0.8165 -0.8165 0.5475 -0.5475

0.1 0.7610 -0. 7610

1= -X 10• = -7 X 10-4

0

-0.1 -0.7610 0.7610

-0.3 -0. 8165 0. 8165 -0. 5475 0.5475

-0.5 -0.7483 0.7483 -0. 5184 0.5184

-0.7 -0. 5905 0.5905 -0.3147 0.3147

-0.9 -0.2175 0.2175

2. Seccnd-Order Approximation of Streamlines
on the Cross-Sectional Plane of the Pipe

To plot the streamlines (0 2 = constant) on a ct oss section of pipe,

equation (3.4) is expressed as

i toy]X13 4 [(-2C10 + C6)y + (CI1 + 2m2C10)Y3]X1 + [(C1 o - 2C 6 + CO)y
(5.2)

+ (-2C11 - 2C1om2 + C7 ý 2m2C 6 ) y3  (C 12  2C 1 1m
2

+ m 4C10)y5 jx] + [(Cb 2C.3 + C1)y 4 (C-i - 2C 7 - 2C 6m2 + C 4

-i
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Tafle 3. First-Order Approximation of Streamlines
in the Cross Section of the Pipe at m := 1.5

y x
_..._=5 xio05  4=1 3 X 10-4

o.5 0.1648 -0.1648

0.4 0.2394 -0.2394 0.4171 -0.4171

0.3 0.3538 -0.3538 0.6073 -0.5073

0.2 0.3195 -0.3195 0.5077 -0.5077

0.1 0.3158 -0.3158

-5 X 10i5- = -3 x 10-'

0

-0.1 -0. 3158 0.3158

-0.2 -0.3195 0. 3195 -0.5077 0.5077

-0.3 -0.3538 0.353S -0.5073 0.5073

-0.4 -0,2394 0,229- -0.4171 0.1171

-0.5 -0.1648 0. 1648

+ 2ifC:) y3W (-2C12 - 2Cl1 ni2 A C8 - 2m 2C 7 4 m 4CG)y 5 ÷ (C13

2n2mC,12C1  mlCj )y x 7  [(C 3 -C 1 -f CO)Y y (C7 2C4

- 2C 3mni C, 2mnC 1)y3' 4 (C 2 - 2Cg - 2C 7 n 2 
± C 2mýCj

2I inC.3)Wy5. (-2C13 - 2CII21 C 2ni2c. II 4Cc7 )y 7  C14

4 2nmi2C13 1 I'1C-,)vW1x:' [(Cj 2Co)Y (CI - 2C,- .nr

2Ini"y)'3  (C, - 2C, - 2C.C 1 3 2C9

- 2C 8ni2 2in 2i n (IIc1)y' (-2Cl - 2C1"Alw '2, ,
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Figure 4. First-Order Approximation of the Streamlines
on the Cross Section of the Pipe at m 0. 5
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Figure 5. First -Order A ppr oxima Lion of the Streamlines
Oil the Cross Section of the Pipe at m 1. 0
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Figure 6. First-Order Approximation of the, Streamiinew
on the Cross Section of the Pipe at -, = r .
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+ rn4C8)y 9 + (2m2C14 + n•C 1 3)y111x3 = [Coy +- (C2 2CM 2)y3

+ (C5 - 2C 2mr + m 4Co)Y 5 + (09 - 2Cam 2 + C2m')y7 + (C14

- 2C 9m2 + m4C,)y9 + (-2C1 4 m2 + m4C9 )y 11 + m40C4y13]x - 02 = 0

Constant values are taken for 02 and y. This reduces the bracketed terms to

constants resulting in a thirteenth-degree polynomial in x with constant coeffi-

cients. The data required for a plot of x -versus y with 02 = constant are cal-

culated by subroutine PLOT of the digital computer, program in Appendix A.

These data are presented in Tables 4, 5, and 6 and plotted in Figures 7, 8, and

9. Figures 7, 8, and 9 show, as can be seen from equation (5.2), that the

value of x is undetermined if y = 0 and the value of y is undetermined if x = 0.

The curves, 02 = constant, are plotted in the first and third quadrants by taking

a positive constant for 02, and taking a negative value of the same constant pro-

duced the same curves in the second and fourth quadrants. The curves in the,-[

four quandrants are symmetric about the x-axis, y-axis, and the origin. The

x,y relation is dependent on the parameters C and m. In the cases plotted

C 2(m 2 + 1) by choice. It is clear from Figures 7, 8, and 9 that the contri-

bution of ¢2 to the secondary velocities, U and V, are the same for each of the

four quadrants.

3. Vorticity Centers of the Secondary Flow

The centers of secondary flow are points in the cross-sectional plane of

the pipe where the secondary velocity vanishes. These points are called

vorticity centers. For the secondary velocity to vanish both components,
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Table 4. Second-Oreder Approximation of Streamlines
in the Cross Section of the Pipe at m = 0.5

x x

2 =3 x 10-1 02= 5 X 10-1

1.7 •

1o3 O. 2427

0.9 0.1902 0.5709 0.0284 0.7883

0.5 0. 1275 0.7250 0.205 0. 8837

0.1 0.4286 0.4286 0.0740 0.8243

0

-0.1 -0.4286 -0.4286 -0.0740 -0.8243

-0.5 -0. 1276 -0. 7250 -0. 0205 -0. 8837

-0.9 -0. 1902 -0. 5709 -0. 0284 -0. 7883

-1.3 -0. 2427

-1.7

= -3 X 10-2 = -5 X 10-8

1.7

1.3 -0.2427

0. 9 -0. 1902 -0. 5709 -0. 0284 -0. 7883

0.5 -0. 1276 -0. 7250 -0. 0205 -0. 8837

0.1 -0.4286 -0.4286 -0.0740 -0.8243

0

-0.1 0.4286 0.4286 0.0740 0.8243

-0.5 0.1276 0.7250 0. 0205 0. 8837

-0.9 0.1902 0.5709 0.0284 0.7883

-1.3 0.2427

-1.7

iI
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Table 5. Second-Order Approximation of Streamlines
in the Cross Section of tha Pipe at m = 1. 0

y x x
02 5x10 02 =1 x 10-I

0.9 0.1998

0.7 0.5778 0.5778 0.1519 0.4633

0.5 0.0387 0.7409 0.0787 0.6787

0.3 0.0400 0.8164 0.0812 0.7492

0. 1 0. 0989 0. 7576 0. 6070

0

-0.1 -0. 0989 -0. 7576 -0.6070

-0.3 -0.0400 -0.8164 -0.0812 -0.7492

-6.5 -0.0387 -0.7409 -0.0787 -0.6787

-0.7 -0.5778 -0.5778 -0.1519 -0.4633

-0.9 -0.1998

S 2 =-5 X 10- 02 =-1 X I-7

0.9 -0.1998

0.,7 -0. 5778 -0.5778 -0.1519 -0.4633

0..5 -0. 0387 -0. 7409 -0. 0787 -0. 6787

0.. 3 -0. 0400 -0.8164 -0.0812 -0.7492

0 1 -0. 0989 -0. 7576 -0. 6070

01

-0,1 00989 0.7576 0.6070

-0,3 0.0400 0.8164 0.0812 0.7492

-0.,5 0. 0387 0.7409 0. 0787 0. 6787

-0,,7 0. 5778 (.5778 0. 1519 0.4633

-0, 9 0. 1998
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Table 6. Second-Order Approximation of Streamlines
in the Cross Section of the Pipe at m = 1. 5

y x x

02 = 5 X 10-' 02 2 X 10-B

0.5 0.2703 0.1056 0.4569

0.4 0.1927 0.4585 0.0678 0.6180
S0.3 0. 1644 0. 5572 0. 0517 0. 6921

0.2 0.1705 0.5902 0.0356 0.7254

0.1 0.4611 0.4786

0

-0.1 -0.4611 -0.4786

-0.2 -0.1705 -0.5902 -0.0356 -0.7254

-0.3 -0.1644 -0.5572 -0.0517 -0.6921

-0.4 -0.1927 -0.4585 -0.0678 -0.6180

-0.5 -0.2703 -0.1056 -0.4569

*2 = -5 X 10-8 12 = -2 X 10-8

0,5 -0.2703 -0.1056 -0.4569

0.4 -0., 127 -0.4585 -0.0678 -0.6180

0.3 -0.1644 -0.5572 -0.0517 -0.6921

0.2 -0.1705 -0.5902 -0.0356 -0.7254

0.1 -0.4611 -0.4786

0

-0.1 0.4611 0.4786

-0.2 0.1705 0.5902 0.0356 0.7254

-0.3 0.1644 0.5572 0.0517 0.6921

-0.4 0.1927 0.4585 0.0678 0.6180

-0.5 0.2703 0.1056 0.4569
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Figure 7. Second-Order Approximation of the Streamlines
on the Cross Section of the Pipe at m = 0.5
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Figure 8. Second-Order Approximation of the Streamlines
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Figure 9. Second-Order Approximation of the Streamlines
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U and V, must vanish. Sufficient accuracy for location of the vorticity cernters

is retained after the second-order approximation of the stream function is

neglected. Applying equations (2.34) and (2.37), and differentiating equation

(3.2), yields:

V - _ - (1 - x2 
- m 2y2)2xy[(2Ao - A1) + 3Alx 2 + (Alm 2 + 2A 2)y2]

(5.3)

" U - (1 x2 - m2y2) [A0 + (A1 - A0)x2 + (3A2 - 5A 0m2y2  (5.4)
ay

+ (-A 1)x4 + (-5Alm 2 - 3A2)x2y2 + (-7A2m2)y4 ]

Inspection of equation (5.3) reveals that V vanishes for all values of y at x = 0.

Setting U = 0 in equation (5.4) dividing by the boundary conditions and substi-

tuting x = 0 yields:

7A 2m2y4 + (5A 0m - 3A 2)Y2 
- A0 = 0 (5.5)

Solving equation (5.5) by the quadratic formula and taking the square root of

both sides yields:

13A2 - 5A~m 2 + NF(5Aom2 - 3A. 2) 2 + 2SAoA 2m2
y = •. (5.6)

14A 2m2

The minus sign on the small radical is removed because it results only in

imaginary values of y, which are not applicable to this problem. The data

required for a plot of m versus y are calculated by the digital computer pro-

gram in Appendix A. These data are presented in Table 7 and plotted in
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Table 7. Position of the Vorticity Centers of the Secondary Flow

m x y y

0.1 0 3.798 --3.798

0.2 0 1.927 -1.927

0.3 0 1.315 -1.315

0.4 0 1.011 -1.011

0.5 0 0.826 -0.826

0.6 0 0.699 -0.699

0.7 0 0.605 -0.605

0.8 0 0.533 -0.533

0.9 0 0.475 -0.475

1.0 0 0.429 -0.429

1.1 0 0.391 -u. 391

1.2 0 0.359 -0.359

1.3 0 0.332 -0.332

1.4 0 0.308 -0.308

1.5 0 0.288 -0.288 /
1.6 0 0.270 -0.270
1.7 0 0.254 -0.254

1.8 0 0.240 -0.240

1.9 0 0.228 -0.228

2.0 0 0.216 -0.216

Figure 10. The curves in Figure 10 are syn'metric about the m-axis. The

m, y relation is dependent on the parameters C and m. In the cases plotted

C = 2(mn + 1) by choice. It is evident from Figure 10 that y approaches zero

as m becomes infinite and y approaches infinity as m approaches zero. This is

to be expected because the axis of the ellipse coinciding with the y-axis, B, is

S• , &
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Figure 10. m Versus the y-Coordinate of the Vorticity Points at x =0
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determined by the relation B =1/m and the y coordinate of the vorticity centers

increases with an increase in B. For m = 1 (circular case) the position of

the vorticity center is the same as that obtained by Dean [19281.

B. Streamlines in the Central Plane i

The dimensional differential equation for the streamlines in the central

plane is:

(R = x') dO dx' (5.7)

Sufficient accuracy is ietained if 3nly the zero-order approximation of W and

the first-order approxdination of;J are considered. Also, x' i.'s negligible in

comparison with R f•r small curvatures. At the central plane y = 0, and from

equations (2.24), z. 31[1 and (2.33) the terms become:

iJv io ? x 2 (A +x at y 0 (5.8)
a a Oy a A,

dxt adx

qO W(- x2 at v= 0

where C 2(m 2 + 1) by choice. Substituting equations t5. 8) into equation

(5.7) and solving for do in nondimensional terms yiclds:

F dx I
dO 2Woa -

9x) (A0 A ].2()

| , I . .
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Integration of equation (5. 9) yields:

A 1 + X

0= log I-lox + I log (5.10)
= 4wAa (A0 +A-)x A,

L q

"when 1C 0.
-2 aA0

1•,_=_ tanx- (5.11)
S4 %~a (A 0 + A ,) 0(

S, wheri > 0. A
A0

The data recrjired for a polar plot of 0 versus x are calculated by sub-

routine PLOT of the digital computer program n Appendix A. The term 07

increases steadily with x and approaches f-finity as x approaches one or a mnires

one. Therefore, the streamline approaches but never reaches the inside sur-

face of the pipe. The relation between 0 and x does not involve- apd is, there-
R

fore, independent of the curvature of the pipe. Since A0 and AI depend on the

parameters C and m, the variation of 0 with x depends on C, m, and the

Reynolds number. in Table 8 the calculated values of 0 versus x are given for

mn 0.5, 1.0, and 1.5, taking the value of 4W0a/r to be 130. The form of

a
streamlines for ordinary flow are shown in Figure 11. In Figure 11 -has been

R

assumed, for graphical illustration, to have a large value of- since the x, 0
2

a
relation is independent of R, but the data would not be valid for a pipe with such

large cturvature. From Figure 11 it can be seen that the curvature of the

I ___ -...-.--. '.-~-- ~-~
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Table 8. Streamlines in the Central Plane

x 0 0 0
m=0.5 m=1.0 m=1.5

1.0 a 0

0.8 69.1 110.9 312.0

0.6 44.1 71.7 204.0

0.4 27.1 44.4 126.2

0.2 13.0 21.4 60.9

0 0 0 0

-0.2 -13.0 - 21.4 - 60.9

-0.4 -27.1 44.4 -126.2

-0.6 -44. - 71.7 -204.0

-0.8 -69.1 -110.9 -312.0

streamline in the central plane decreases as m increases.

C. Effe: - of Pipe Curvature on the Flow Rate

The effect of pipe curvature on the flow rate is given by equation (4.5).

It is

FFQ
C _ ~Q2QoK

s Q0

where Fc /F is the ratio of the flux through a curved pipe to the flux through a

straight pipe, both havingthe same inlet pressure, length, and cross section. The

Q2ratios, -, are calculated for 20 values of m by the digital computer program
Q0

in Appendix A. The ratios, F IFs, are calculated for va:.es of K ranging from
c s
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0 to 1000 by se of a desk calculator. These data are presented in Table 9 and

plotted in Figure 12 for m = 0.5, 1.0, and 1.5. The F/F, K relation is depen-

dent on the :arameters C and m since Q2 and QG are dependent on C and m. In

the cases plotted C = 2(m 2 + 1) by choice. The F./F values taken fromI r~Figure 12 ire corrections factors for the pipe curvature. The F /F values

C s

are used with the equation

F:" ~QT '- Qo (5.12)
• s

where is the total flow rate through a curved pipe and Q0 is the flow rate

through a straight pipe with the same inlet pressure, length, and cross section.

From Figure 12 it is noted that F /F is approximately one for an extremely
C s

sma.ll Dean's number and the curvature effect is negligible. As the Dean's
IJ

number i, increased, the curvature effect rapidly increases. This is expected /

since the Dean's number is proportional to the velocity squared and the energy

loss is much greater. The curvature effect decreases with an increase in the

value of ir. Figure 12 also shows that the effect of pipe curvature on the rate

of fiow th-ough the pipe is greater for a pipe with the major axis of the cross-

sectional allipse perpendicular to the plane of the bend (m < 1) than when the

major axiL coincides with the radius of curvature (m > 1).

D. First-Order Approximation of the Primary Velocity -

in the Central Plane ,

The first-order approximation of the primary velocity is given by

equation (3.3) as

_ _ _
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Table 9. Flux Through a Curved Pipe/Flux Through a Straight Pipe
for Various Dean's Numbers

K F/F Fc/Fs F c/Fs

m=0.5 m=1.0 m=l-.5

0 1.000 1.000 1.000

10 0.999 0.999 0.999

100 0.998 0.999 0.999

200 0.992 0.997 0.999

300 0.983

400 0.968 0.987 0.997

500 0.951

600 0.930 0.971 0.995

700 0.905

800 0.876 0.948 0.991

900 0.843

1000 0.806 0.919 0.986

W= - X2 - m2y2)x[bo + b1x2 + b2y2 + b3x4 + b4x2y2

+ bsy4 + b6x0 + b7x'y2 + b8x2y4 + b9y6 ]

In the central plane y = 0 and equation (3.3) becomes:

W, = box + (b, - b0)x3 + (b3 - bl)xs + (b 6 - b 3)x7 
- b6x

9  (5.13)

The data requfred for a plot of x versus WI are calculated by subroutine PLOT

of the digital computer program in Appendix A. The factor 104 is just an

amplification factor for the curves. These data are presented in Table 10 and

plotted forrn = 0.5, 1.0, and 1.5 in Figure 13. Figure 13 shows, as can be
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Table 10. First Order of Approximation
of the Primiary Velocity at y 0

x W x 10, wx 10ol wx~ 10
M = m 0.5 m = 1.0 m.= 1.5

1.0 0 0 J 0
0.8 1.897 1.123 I 0.431f

0.6 3.336 1 2.093 0.877

0.4 3.54 2.314 1.026

0.2 2.271 1.515 0.693

0 - 0 0 0

-.0.2 -.2.271 -1.515 -0.693

:U. j. -333 -2.093- -0.877

-08 -1..B97 -1.123 -0.431
-1000 0

seen fr-orn ,3quation (5. 13), that the function is odd and symmetric about the

origin. The x, WI relation is dependent on the parameters C and mn. In the

cases plotted C 2 2(-n + 1) by choice Figure 13 shows that the magnitude of

the f~rst-order approximation of the primary velocity in the central plane

decreases with an increase in the value of m.
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"CHAPTEIR VI

SUMMARY AND CONCLUSIONS

The graphical illustrations presented show that the streamline flow of

an incompressible fluid through a curved pipe of elliptical cross section is

similar to that of-a curved pipe of circular cross section. It consists of a

primary flow and a secondary flow. The primary flow is along and parallel Lo

the center line of the pipe. The secondary flow is in the plane of the cross

section of the pipe with the form of the streamlines as shown in Figures 7

through 9. The motion of the secondary flow ineffectively expends energy tch

results in a decreased rate of flow through the pipe. The secondary flow and

i-entrifugal forces acting on the fluid are not present in a straight pipe. There-

fore, the rate of flow through a straight pipe is an upper bound for the rate of

"flow through a curved pipe with the same inlet pressure, length and cross

section.

The assumption made in the derivation of the governing differential

equations are equivalent to those made by Denn [19281 for a pipe with a circular

cross section. The governing differential equations of this study are equivalent

to those obtained by Dean [19281 and the accuracy is the same. However, the

solutions to the equations obtained in this study are exact and applicable to a

pipe with an elliptical cross section. Dean's [19281 solutions are approximate

-II

-i
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because the unsymmetrical terms were neglected in the equation for the second-

order approximation of the primary velocity.

For the circular case (m. 1) the solutions to the first four of the

governing differential equations (2.38) through (2.41) are exactly equivalent

to the corresponding solutions presented by Dean [19281 and are symmetric.

The solution to the fifth governing equation (2.42) differs from fean's [19281

approximate solution by the value represented by the unsymmetrical terms.

The error in Dean's [1928] second-order approximation of the flow rate, due

to neglect of the unsymmetrical terms, is approximately 0.17 per cent and

1. 2 per cent for K values of 400 and 1000, respectively. The flow rate given by

the equations of the present study differs from that of Dean's [1928] fourth-

order approximation by 0. 12 per cent and 0. 0044 per cent for K values of 400

and 1000, respectively. Therefore, the equations obtained in the present study

have about the same accuracy as Dean's [19281 fourth-order approximation for

the case of a circular cross section.

Figure 12 shows that the effect of pipe curvature on the rate of flow is

greater for a pipe with the major axis of the cross-see..Aonal ellipse perpendic-

ular to the plane of the bend (m < 1) than when the major axis coincides with

the radius of curvat'ire (m > 1). However, the fabrication is generally more

difficult for pipe bends with m > 1.

The rate of flow of fluid through a curved pipe with an elliptical cross

section is a function of C, m, and K. Therefore, the rate of flow of the fluid
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"to deanýdant on the fluid properties, cross section of the pipe bend and the

Dean's Timber.

The pipe curvature reduces the rate of flow through the pipe if the inlet

pressure. pipe length, radius of curvature, znd cross section of the pipe are

identical. The magnituce of this reduction decreases as the value of m

increases (Figure 12). Therefore, the accuracy of the solhtions presented is

dependent upon m, bLt the governing equations a;ýe probably not valid for any

im when the Dean's iurnber exceeds 1000.

I
S i • !
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CHAPTER VII

RECOMMENDATIONS FOR FUTURE RESEARCH

The following recommendations are made for future research-

1. A more accarate so] utLon can probably be obtained by transferring .

the governing equations (2.35) and (2.36) into finite difference form and

sob.Ing them directly on a computer.

2. The accuracy of this solution can be improied by extending it to a

fourth-order approximation, but considerable work will be involved.

3. The solutions presented could be generalized to cover clastico-

viscous flhid or magnetohydrodynamic flow.

4. The solutions presented could be further verified by r
experimentatior.

I, ."

I

I i
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APPENDIX A

OPERATING INSTRUCTIONS
AND

COMPUTER PROGRAM

I This program is for use on tha IBM 7094 Comprater. To solve for the

rate of flow through the pipe and generate the data required to plot the graphs

presented in Chapter V, numerical values for the case number, XM, C, XK,

PSI 11, PSI 21, PSI 12, PSI 22, PSI 13, PSI 23, PSI 14, PSI 24, Y0, and DELY

must be included as input data. The input data are defined as follows:

X1! =m i

C=C

XK = K Dean's number

PSI 11, PSI 12, PSI 13, and PSI 14 = four constants taken for •v

PSI 21, PSI 22, PSI 23, and PSI 24 = four constants taken for 02

Y= initial value of Y for which values of X are determined

DEL Y = increment of Y added to Y3

If the data to plot the graphs are not desired, the CALL PLOT card with

its two continuation cards at call number 1004 can be removed from the deck

and the program ends after solving for the rate of flow through the pipe. How-

ever, values for all of the input vwriables must be included as input data. Since

the only input variables used to determine the flow rate are XM, C, and XK,

any constant can be uaed for the other input data.

S. -
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iEJCe VERNIEN S HiAS CCKTFOL.
&IuJC8 ELIF 16AP.DLOCIE
lleFTC PAI& LlST*AEF

COWJLE PRECISIGN V*X9YvZDEl
DOUBLE PRECISION rnXNZ,"2A0,A1.A?,B0,tIlu3ZS3.8-ie5,B6,87,K8.S9,CO.
lC1.C2.C3,C4.*C5.CE.C7tC8aClcOC11,2C1ZC3,C14.OOO1902,D3,04.O5,D
26.O7.D~OI.tgCIODl1,D1~~?s01',O1l05.OI6,DI7,O1BDl9,02O.021,OZO23
3.O?',.D25.DZ6,027.CZR,;029,12

2 C.031 ,2D3Z,0t ,34,035tC.A
Of.4EhSIEN W1369371
CIPEASICI. W60e1)
CII'ERSICN Ytibt37)

CtWMCN XIXJJ
-*EOUIVALkhCE 1WI191,),X(tI,13.Y(1.lhl1311

INTEC-ft EASE
NAMELISrIINPt.T/CASE,XPC,C PSI1,1PS12,Pl 1PSIIS22,PS113,PS123,PSI14
1.PSlZ4,YC*XKvE)ELY
!PEK I5,11NPUT I
IEviTElf*lNPLT)
C = C.c
XM2 = R~f4N

W; It 3 110. *Xf*2-2.
4)l -C.d**2$)u4**2/148.*(XM6**2+ 1. 1**2)

N (2.sýI -I:.*X~c*4*6.*Xfl**2
W(2,3) lC5.*XF4**4.2O.iXMO*243.

k!?. ;I=5.*Xfc**~4l2.*XM**i+15.
h4@3. -I=1C.*XP**246.

W(2. 11
M13, 1) C.
bIMITE I6.1C)

IC FCPPAT(!X ,Zxm-*.UX'Ih - A I I X,1

CALL SESCr4I (W,!vlvC*26*37qFrI,'RANK, SOLN)
AO =hR1

=l hI291)
A-7 V10t.1)
I.PITF fb*3C) AvAOvAIvA2

30 FCkrj'T (IX.5HA ,EI5.8#5X*5f4AQ = Elb.8,5X,5HAl = ,E5.8p5XSHA2

CC 35 = 1.10
CC 35 J =1,11

35 xlI,J) = C.
xf1. 1) =XI4** 2+3.

Xf 11, 11)= ib3

X122,)wXP**2+10.
-X(2, 33=+).
X(2,10=-10.
X12#!)=-1.
X(2.1i)-)=*A1-2.*AC*A
X(392) - 3.*XM**2
X(3#?) = 3. 6.*XM*4-2
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xf 3.53t)~
X 13.6S:-E
X(-3. 11 3=3.*A*A2-;.*A*AC*XiI**2-2.*A*A1*XN*#2

X( 4.73--21.

X(4.111= AO*A -2.*A*A1
XI 5, 4)5.*XM4**2
XIS.5)=13.*XPi**2,5.

j ~XE5 .11 3=AO*A*XM**2,A*A1*Xtf*tZ2-3.*A.A2

X(6. 5)=3.*XI4**2

X(-. II =AC-***X,4S*4+4.*A*Al*XJI**4-6.*A*A2*XM**2
Xli.7) .XPI**2*36.

X( 7. 11 )= 'A*A
X It, 7) =2 1. *Xtl**2

X(F8 M= '*6*A

X:S:P 1=10.*XPI**2..

X('-.111=.-3.*A1*A *XM**4+6.*A*A2*XM**2

X(I 1.1 1)=3.*A*A2*X$'.*4-2.*A8*A1*XM**6
WRhPTF tts40)3

"4C FCRP'AT(IX .2SX,3I-***.1CX,?fI.X - M A T R I xti
ICX.31-* 4*///)
CALL SESCMI (X..1C,1,C,?6,3791,0E7,RAE.K ,SCLNI
ri0 x(1.1)

132 =X(3,1)

134 =X15.1)
855 X(6.1)

B7 =X(8.11

89 =X(10,1i
iR IT F (6t55) 80, 21,b2,b3v84.R5rB69B7,88vB9

55 F0P'AT(IX.5'i80 = ,E15.8#5X,5H81 =,E15.8,5X,5HB12 P F15.3r5X*5HB3
1= ,EI5.8o5X,5H4B4 = vEl5.8/I1X,5HB5 = ,EI5.8,5X.5HO6 t EI5.8o5x,5H
207 = ,El!.895X951-BE = ,El5.8//IX,SHH9 = E15.81
CO 6C 1 1,15
CO 6C ~J = 1,16

60 Y(I[J) 0.
Y(l1.l) .120:*XIM**4+144 .*XP**2+ 123.
V 1. 2,=-144.*XM**2-240.
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Yf29,!)s-240.*XM**2-II..

YI 2. &)=--8O.*XM**2-168C.

Y12, :3z-2',0.*XN**2-480.

1'211-=E40.
YE?. e) 2240.

Y.9-120.
* Yl!.2lsAC.*XM**14240.*XP**2

Y13. 328110. *XM**4,A80.*XI'**24I20.
Y(3.1).-240.*XM**2
V'I3,5)=-A80.*XM**2-24C.

* YE3,f1.-1680.*XM**2-48C.
YI 3. El=+1Z0.
MIS1.)42'0.I

Y(I2. IC )=+840.
Y14, 4)=2 *X*4IC.*P*+Q4
Y(4q,5)=21.C.*Xr**2+504.
Y1491k)D+k1£.

YI4,E)=-240.*XI4**2-ICCF.

Y14.,113=+3024.

Yl 4. 123 =+12C.
f(5, 4)z8CO.*Xl4**~4168C.
VI 5, 53=840. *XM4,*4416OCC XF'S*2 +k40.

YI5,F)=-160C.*XM**2-16S0.
Y(5.S) =-1bS0.*XPO**2-1bCC.

Yt5. 10 )=2-1680.
VIS5. 123)=4840.
YV 5. 13 )=+800.
Y( 5. 14)=*e4C.
V~t,4'd=1 20. *XM**4
V16, ý)=5C4.*XM**4+240.*XM**2
Y1b, 6) =3024.*XM**441008.*Xfl**2+120.
Y%6,8) =-240.*XIM**2
Y(6.S)=-1008.*XM**2-24C.
VYb. IC 3=-6048.*II1.**2-I0CE.
Y( 6.131~=+120.
Y(16, 14 )=+504 .
Y( 6, 15 )= 3024 .
Y(7,7)=120.*Xp4**4+172e,*XM**2+7920.
V(7.8) =240.*XM**2+864.
Y(7, SI =e120. 4

VI 7, 11h-l1728.*XPO**2-1584C.
VI1,121=-240.*XM**2 -1726~.
Y(7, 13 )=-240.
Yt,)18.X**+08*P*
V(e,8)=84O.*XM**4+3360.*XM**2+3024.



Y(Et8, 1680 **XP**2* 1680.
Y I8. 10 )z 840.
Y(8. 11 i-6048.*XP'**Z

YI 8.1? =-3360.*X1**2-6C4e.

Y(813=-168.*XM**'e+336C.P*280

YE ', iPC J08*XM**4,60

Y(9. 12 )=-16eC.*X?F**2
Ytg, V3 1-3360.*X1P**2.-168C.
Y(9. 14)-6048.*XYr**2-3360.

Y( 1.8 )=123.*XfA**4
YE 1(',c )=efj4.*XM**4+240.$X~f**2
Y(1C.1C)=192C.*XM**4+172E.*XM**2.120.

Yt12,.1H)1624.*XfA**2,8C

Y( 13.ll)=120.*XM'**4+26C4C.*XM**2+110
Y( 13.12)=32d4.*XM**'.+13C(.X**324

Y( 14,Il)792O.*XM**4+5760.*XM**2+7940.

YE 14,1~1J04C.*XMJ**4
Y(13.1l)=328.*Xt'**4+16C4.*XM**2
Y(13,I1--158)40.*XMJ**4+78Cf.XM*304
YE I5.1z)=612C.*XlM**2+5E

YE 15. 1'. 3C,. *XtM**4+2,

Y(15.1fJ)I7920.*XM**4+576'..*XM**2+402.
Y( 1,16 )=184.*AC**2-24.* C**.N*-?*OA~.A*21.A*24*
Y(15.1X-*2-2 .*XA**2
Y(15.14)=132C.*XA0*A14+28.*XA0*1**2+1.A*Z4.A*2X*21.A
Y15*+8.$1*A2-216.*AM*4+264.*4*24*~1XM**2 -4120.*Xs*

YE-, 16)=21.O.*AO*Al*XM**2,le.*AO*A1*XM**4+32.*AO*A2-256.*AO*42*XM*w
12-80 .*Ao**2*XM**2+144.*Aqý*02*XM**4-1 i2.*A1*i0.2+19ý2.*A1*A2*XM**2-48.
2042**2+32.*Al**2*XM**2-4 .*A*85+8 .*A*a2*X$4**2-4.*A*B0*XM**4
YE., 16)=-24.*AO**2-24.*AC**2*XM**2+96.*A0*A1*XM**2-48.*Ai**2-24.*A
l1**2*Xtv**2-72.*A1*A2-2.*61*S7+4.*A*B4-2.*A4B2+4.*A*83*XM**2-4.*A*81
2*XM**2

Y(5, 16)=-640.*AO*A1*XM**2,256.*AO*AI*XM**4+64.*AO*A2,512.*AO*A2*XM
1**2+e.OC. *A1*A2-832.*A1*A?*X(N**2+48.*AO**2*XI4**2-144.*AO**2*X(M**4-1
2tý*A I**2*)CM**2+16 .*Al**2*)$P**,-4.4*A*B8+5.*'.*B5+3.*A*B4*XM**2-8.*A*
3B2*X P**2-4.*A*B1*XM**4
YE6, 16)=72.*AO**2*XM**'.-12C.*AO**2*XM**6--384.*A0*A1*XA4**4-96.*AO*A
llXM**6-192 .*AO*A2*XM**2+768.*AO*A2*XM**44.480.*A1*A2*Xt4*#2-552.*AI

2*A2*XM**'.-7Z.*A1**2*-XM**'.,24.*A2**Z-24.*A2**2*XM**2-6.*A*89'IZ.*A*
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0 5 .x*X *.2 6. A 8 2 0XM144
yI 7, 16 * 4*AO*A 1-48 .*A O*A1*XM4*2.96. *A O*2.4s. *A1**2*XII**2,49.*
11b A2 +4 .*A*B7-2 .*h*34+4,.*35*8*XAI**2-4 .*A*83* Xt4**2
Y1 8i 6)=336.*AO*A1*XM**2-272.*A.3*A1*XM**4-Q6.*Ao*A2-256..*AO*AZ*xm*

2144. *A2**2+8.*A*87*XM**248 .*A*13S-4.*A685-i. *A*54*XM**2-4.*A*83*XM*

Y 19, 164 -5,60*AC~t41tXM**4-lI.4.*AO*A1*XJ4**6+64 .*AO*A2*XM4**2-7io8.*AO*
IA2*X 1**4---12 80. *A 1*-A2*X4* *4 18 I 72.* *A I* AZ*X M**4- b .$A *IP2*XM**4-96. *A*

3*85*XM4**2-6 .*A*94*XM**4
-Y(10O,)3=1?e.*Aa*A1*yr4**6+ec.*ao*tl*XM**8+16C.*AO*A2*XM**4-5i2.*t4 0
1*A2*XM4**6-624.*A1*A2*XM~**,.512.*A1*AZ!*XM**64.64.*Al**2*AM**6-112.*A
2Z**Z6X-P**2G,352.*-2**2*Xi***+lC.*A*89*XI4*2-8 .*A*95*X#'**4
Y(Il.1E)=-6C.*Ai**2-2.*Al**2*XP4**2-12.*A1*AZ-2.*A*E57-4.*A*B6*XN**

12
Yt 2-1-96. *Alj*2*XM**2 128 .*At4***XM**4+48 .*AI*A2-448.*A1*A2*XM*

1*2*44. *k,**2-4.*A*B88S .*A*B7*Xj4**2-4 .*A*t66)AM**4
Y13,1IE= 192. *Al**2*Xt4**4-24. *AI**2* XP**6+6 72. *A j* 2*Xw**2-132C. *A

27*Xt4**4

2XM4v4
Ytt15.16=2,t*A1*A2*XP**E-14O).*A1*%2*XM**8,88,*A2**?*)t14**4-280.*A2

RI' rF (.616)
C. FORMMT4X t29X,3I.***,1GX,26HY - m4 A T f~ I ,

CALL SFSCMI(f,15.1,O,3bt37,.f:TANK,SOLN34

Cl =Y(291)

C2 Y ( 3,-1)
C3 =Y(4.1)

C4 = (st1J
-C5 =f.1

C& Y(7,11
C7 Y(8,11

C9 =Y(1O,1)

dC1 = Y(113.1)

C13 'E 31

C14 =Y(15,1)

NAPELIST/NAM3/COClC2,C3,C4,C5,C6,C7,i.AC9,Cl),LllCl2,Cl3,Cl'
WRITE(t,NA[43)
CO PC I = 1,36
DOl 8C J = 1.37

6C ZI,J) z 0.
Z(1,J)=-2.*XM**2-2.

Ztli3=-2.



Z13.

Z(4, 4 )=-2.*XPi**2-
30 .

Z 14,8) =+I.

Z(5,E),2

M5.9=,2.

Z(6, IC 1=+30.

Z(E7, 8-30.*m2
8~.ej) 12.*xm**2 30.

Z (8, 121J=4+30 .
Z(H, I? J=412.

l(99SEl=-3r2.*XM**212

Z1(9, IC 1-3q.
Z (9, 1331412.
Z (9, 14=4 30 .
Z ( iC ,9=-2. *XM**2
Z(10t)-6*P*22

if(11 ,lf1=-2.*M*2,i

Z .7=-2.

2(12,1 l)=-l6.*)(N**~2-

Z(12,17)=+56.

if '3 .12=-30.*XM**2

if I3 91l-h-3C.*Xiq**
2 -3 0 .

Z( 13,14)=.-30.
Zi 13 ,I6)=+3C.
Z( 13,19)=+30.
Z(141)-2*N*

21(1411!1=-56.

Z( 14 ,2C1=,56.4

if 'S'I4J=-2.*XM**2



1(17*2C)-+12.

Z(18*17)=-2.*X-*

Ztle.11)=-3C.*XP4*'P-5C.

7( 18.253I=+3C.

Z(17,24)=+3C.
L(1l8.2)=-56.*M?
Z(2C*1S)=-1C.*XM**2-.

Z(1 20r2=+12.
7 ( 18 .24)=+9C.
LI 19,.LZ)=-.*XM**Z
Z(2l91.2)=-5b2.*XP**2-'O.

721,927)=+2.

Z(2C ,12)=-12.*XM,**2-12

Z(212#2)=-2.*M2
Z(721,2G)=-182.SF*-.
Z t 1,2 . )=+2.

11 23,2Z)=-l2.*XM**2-132.

Z(2.3 C)= '.2.

Z(4 ')-132.*XM**2
Z23.2Z) =- 12 * XM** 2-13!.

Z23 .31) =+12^.

Z124,32)=-3C.*M2-C

Z(25,33)z+56.**2
Z(2b.2!)=-30.*XM**2-.

Z(26,26)=9C.*XH4**2-30.

Z(26,.'4)=90.
Z(27w26)=-!?-.*XM**2
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S Z(2?.2E)m-132.
Z279.341312.j - 1Z(21.35)w132. -

Z 12-8 .271-2 .*k"*a*2-'
Z (28 .2E Isx-12.*Xt'**2-2 .

Z126 .36 I=+182.
Zf29 .2i)z-2.*XM**2-21,C.
l(29.3C1-2.

lf30v,3C)=-12.*X(M**2-182.
L130.311=-12. -
1( 21 .3C)=-13ý..*XM4**2

1(321 ,3)=-30.*XM**2-12

I(32.~3Ih=-5.*XM**2-9-
1(?2 .3?P)=-56.1 ~ I(33,3i)=-56.*XM**2
If3.2 -9C .*XM**2-5t.
Z(?3343ý=-9C..
Z 1 3415) =ý-30-. *XM**Z -

Z( 3q,343=-132.*XP**2-3(.

Z ( 34.3!) =-1?3.*x4*
Z1T ,35.)=-182.*XP**2-1.-

Z( 36,MI=-2.*XM**2
7( 36 ,3Ef)=-2 4C. *X1#**2- 2.
Z( 1. 37)=AC-*BC.
1( 2, 37)=-2.*A*rCC.3.*AC*B1-5.*A0*80*A1*a30
1(2.3-7 )ý2.*A*C0*XMA**2,A0*I82-7.*AC#A0*xM**2+3.*A2!*80 .--
Z(4.37)=-2.*A*C1.4.*A*COt5'.*AC*83-11 .*AO*81+7.*jk0*R0+3.*&i*B1-5.*AJ

l(5,3-7)=-6.*A*C2.6.*A*C1*Xti**2+3.*A0*B4.5.*A0*82!-21.*hO*81*XIM**2+1
18.*AC*E(*XN**2-3.*A1*B2-!.*AI*b3O*XM**2t9.$A2*Bi-.15.*A2*BO*8.*PAO*8?
ZIc, 373a2.#,A*C2*flY**2-4.*A*C04XM**4+A0*r(5-7.*A0*,82*XM**2+1!.*AO*8O

1*XM**4*3.*42*52.-13.*A2*BC*XX**27
Z(7.271=I-2.*A*C3+4.*A*C1-2 .*h*CO+7. *AO*86-1 7.*ACI*83t13.*A0*8L1-3.*A

l( R,37 c-.6.*4*C4d-2.*A*C2-e.*A*c1*XM**2-2.*4*ca.O*Xn**2,1o.*A*c:3*XM*
i*2I-5.*A0*87-3.*AC)*F34-35.*AC*B3*Xm..*2-9.*AO*B32-11.*AO*Bfl*XN**2,46.*

2AO*t31*XP*42-A1*$44.15.nA1*e'2-11.*A1*BL*XM**2+1r1.*A1*8OI*XM**2*15.*A2
3*R3-'3 .*42*U1+21 .*A2*f$Q
l(9,273=-10.*A*C!+8.*A*C2*XN**2tb.*4*C4*XM**2-12.*A*C1*XM**4+2,*A*

ICO*Xl* *4 +3. *A0*B8+11. *40,*8 5-2 1. *A0*B4*X9 **2+ 33.**A0*81*XM**4-13. *40
2*D0r-*Xti**4+2.*40*E2*XMO**2-1.*A1*85+90 *A1*82*Xt4**Z*3.*A1*8Q*XM**4+9.
3*42*P4-?.*42*B2-39?.*42*B 1*XM**2+38.*A2*00O*XM**2
l(1O.37)z2.*A*C5*X(M**2-4.*A*C2*XNS1*4+2.*A*CO*XM**&6+ACI*89*11.*AO*B24

1*Xr4**4-5.*40*BO*XM**6-7.*AC*85*XM*.*ý2+3.*12*B5-13..*h2*82*XM**2s*17.*
2A2tBC*XM**4
1(11 .371t-2.*4*C6s4.*A*C3-2.*4*C1-23 .*4O*b6+1q.*40*83-5.*AO*81,7.*
jA 1*86- 17.*Al*4*3+ 13 .*41*8 1-3.* A' *8

Z12.3 1) =-6.*A*C?+12.*A*C4-16.*A*C3*XM**2+2.*A*C1*XM**2-6.*A*C2,14
1.*A*Ct*XM**2-25.*A0*B1*XM**2-5.*AO*87-49.*A0*86*XN**2-3.*A0*84,5.*
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4*21.A*7-'.A* f.425*4*+.*A2t53439.*A2OB*1-q*A2S80

XA*C*XP**4*6,*AO*C 4I~*X4*63 S.*AO*B1*X-*4,.*AO*88*XWO*2+33! A* k*X'1*~5*4
2)S*A1*85*XtS'***4-j5.*A OB *8*It 1. .AI~QX *A4 -31*592 *A IS,

Z()6.31I=-9.kI8*hXC1O*w AI*C6,2*AM**C3 *Z8+k3-3.4*4X*2

I*14*elOf -5* A 14-81
it 17.37 il-&-lt.*C 11*12'.*A*C7-24.*A*C6*XM**2-6.*A*C44b ,*A*C3*XM'*2+1

3*83*XcMS*2-69.*.I2*I6+5i7.*h?*13ý-15~.*A2'nBI

29.*AC*!4#XA4**2+7i*AC*1i *4-7*O6*M*e+R:,0-aXi*+9

35Al*62-I'1.*A2*87*)U"**2-14ý*A2*3*BX+21*A*2 2X*24.A*3XA*-

IXM**4,10.*A*C12*X#4**2-2C.*4*C"'*XM*ý: 41O.*4*C3*XF6**6-41.*4O*BO?+21.*
2 14 ~X**2+~5 .A*7*f.* *.A *4XM*-5*AC*83*XM**6eI4. AO

3*2s11*A2*62~5.q*A2*027.*X?.]*ý285*Xt 2*s2 3*X*4.*A 2*ti14*X*tý4+15.*A

1.*A*C8*XN**4,6.*A*C:4*XMP**f6433.*AO*B83*XM**4+3.*AO*B5*Xl**4..P,.AO*d3
24t(*tý:-0* BSX*2z.*A1*B9*XMs.*2+28.*AI*85*y14**4.+3.*Al*B2*x
3P*~y*28-9.A*8X*25. A*4X4l4i.*A2*82*XM**4-2I. *
rfA*dl*XM**b+6.*A2*i5*Xf0**2
*121.3j1)=2. *A*C 14*XM** 2-' .*A*C ?*XM** 4+2. *t*C 5*Xm**S+11. *AO*89*XM$*
14-5. *AC*P-5*X II*6-13.*A2*p9*X(Me*2fl 7.A2*33A*XM**4-7.*A2*R2*XM**6
Z(22,3j)=4.*A*CIC-2.*iQCk-q.*AO*B,-25.*AIt56--7.*A1*B3

i.*A24J8f&2.*A2*S3

1*XM**4-3.*A*CI0*XM**411.*AC*BR-23,*AOPBi/OA**2-79.*AO*1B6*XM**4-4

326.*h1*B17*XMt*2+41 .*A2*B7-7.*A2*B4-7j.( A2ý%53ýM**2+194.*A2*8b*XM**
42
L(25.31) :28.*A*C 13-14.*A*Cq-14.*A*C8*XM**2+14.*A*C7*XP**4-28.*A*C I
l1*XM**4+14.*A*Cf-XXM**b- I .*AO*B9+7.*AO*A8*XM*ý-49.*AOY-B7*XM**4-35
2.*5C*BDXI6**6-71.*A1*B9+44,*A1*85*AM4*2t35.*AI*B7*XM**4-7.*Al*04*X
3M**4-2I.*A1*B3,*XP**6.-42.*Al*BA.*XM**L,7.*A2*eS+r.*A2*B5-35.*A2*B4*X
'.M**241 Jý.*A2*06*X4**)4-91 .*A2*83*XM**4+126.*A2*B7*Xm**2



1 126 *3 1 3u36 .*j*C14l6 .***C12*XN**2-26.SA*C9*XRN**2*2.*A*CS*EN*4-.ZO
I .*A*tl;.Xp...4,1o.*A*C7*XNOe6,37.*Ao*s9r'XM..z-19.*AO*s8.zII*4-25..A

389*XP**2-Z7.*A2*89+7.*A2eB'*XN**2,85.*A2*S7*XM*t-4-49..A2*84*XK*9,-
435.sDt 493*XN**e.58.*A2*BE*)MN*2

1"6. Ii .*AO*89*XO**4-5.*AC*BS*XH**4-3-3.*A1*S9*X*N**4.7.*Al*B5*XRS06
245l. 4A2e88*X$s**-?.*A2$25*~MM*4--2I.*L2w84*NM*6-0o.*A2389*XM**2
Z (2F. .3 7) =5. *AC*89*XPI**6+,1.*A2*9*XPW*4-T..*A2*65*XE#,!6*2.*A*C9*XK

1**6-4..*A$*Cj4*XP*04
ZI2' ,!1)=-9.*Al*lb6-2.*A*C1C
1(3O.371J-6.**,r1*1+1.*A*C10*XMI**Z.P5.*Al*87-49.*A1#86*XM**2-27.*A2

* Z(31 .37)=-IC.*A*C1!.2.*A*C11*kM4**2+34.*A*CIO*Xit**4.19.*AI*B887.*AI
1*B7*XM**2-71 .*AI*86*XM**4-13.*AZ*87. .LO3.OA2*86*XM"2

16+33.*h1*89435.**ji*88*EMN**2-k9.*AL*B7*XN**4-3k.*Al*96*XNq*
*2*6#,i B-6.*A2#87*XPi**2-121.*AZ*86*XI*0*4

Z(33,37)=-18.*A*C14-2e.*D*C13*X'4**2*10.*A*C12*XM**4t14.*4*C11*Xm**
16+77.*A1*89*XM**2,13.*Al*e*XM**4-17:,*ýA1*B?*JC**6,15.*AZ*59-19.,*A2
2*88*XPD**2-83.*A2*87*XM**4-49.*A2*86*XM**6

ZI 34.!:s) =34.*A*C:14*XPl**2-2.*A*C3*XN4**4i10.*A*Cl2*XN**6*55.*AI*89
1*X7M *4-3 .*&1*B8*X"t**6.23 .*D2*89*XPM**2-41 .*AZ*8t*XN**4-35 **A2*B7*XN

* 2**6
Z( 35.37I=-I4.*A*Ci4t*XMI**#+.*A*C13*XPA**6*11.*A1*89*XID**6lA2*89*Xp4*

1*4t-2 1.* A2*138*XM**6

h5 FCRPtT(IX ,2;X92l***,10Xv,-6IZ - A y R I x,1
j CALL SESC.uL(Z.36.I.O,3L.37.DET.RANK.SQLNI

02 = 12( .1)
02 = M .11
03 = Z(4 .1)
04 = 1(5 .1)
C.5 2(6 A
06 1! 7.1
G7 = (8 .1)
D8 V;2( .1)
09 Mo l(0 1
ONc = Zlk1 .1)
C11 = 2112 .1,
D12 =(13 l1)
01? = 2(14 .1,
034 = 2( 15 .1l
015 =2(16 tl)
Dile = Z(17 .11

C11 - Z(10 .11
D18 Z (19 .1:
W1 ; (20 l1)
020 Z(21 l1)
D21 V22 l1)
D22 = 1(23 .13

023 = Zi24 .1)
D24 Z1225 91)
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025 a 1126 #1)
r,26 v Z(27 .13
027 a 1M .1)3
028 a 2(29 ,11
C29 - Z(C X I)
C3C a 11,31 .13
031 = Zi132 .11
C32 - 1133 .l3
013 * Z134 .1)
C34 = V35 .1)
035 - 2136 ,1)
KAVE& 1ST/NA4/09/*U 1 D2,2.0 ,04.05.nbD6.078,089,010,01lt t012,O13,DI4,D1

15*,01tC17,018,C15,020,D21vC22.DZ3,t)24,tZ25D26,v279')2q,DZ'),')3C,031
20?iC!.*C34*035
"IR1TE (.6NAIM4)-
Z(1.) = 00
1- ,Il = £1 - OC
Z(5.1) = C3 - D1
1119-11 = C2 - Cf)*XM2
SZ(3-) = D.0 - C2 - O1*,M2
1(1C.ý) = U5 - C2*XM2
Z(7.1) = Osh - 03
7(5.?) = 07 - 04 - D3*XM2
1.(3.) = 04 - C5 - D4"XM2
M1.7=) = -- C5,XM2S!Z(9,1) = CIO - D6
Z• ! (7.-;) = CII - D1 - n6*X,2 Z

2(509) = 012 - 0E - C7*XM2
IZ(3s 7) = 013 - CS- D8*XN2
Ztl.q) = 014- DS*XM2

11 ii.I) = 015 - Cl)

t 9.33) = 0 16 - LIO*XN2
Zit 7.5) = n17 -C2-r )m
Z( 5.7) = )18 - [13 - )12*X'M2
it 3..)) = 019 - C14 - C13*X2
V1 1.11)= D2C - CI4*XM2
"lZ( 1" .) 921 - 015
1(11.3) = 022 - Cia - fI1•*•M?
Z(9.5) . 023 - C17 - Ulf*XF2
Z( 7.7) = 124 - CI1 - D]7*XP2
i(5.c) = U25 - Clq - D0P*XP'2
.Z(111) = N2E: - C120- -lg*XM2

Zl(1.13) = D2? - 020*XM2
ZIIS.1) = 028 - (21
Z(13.3) = 029 - C22 - U,; 1*)m2
L(11.5) = 030 - C23 - )22*•M2

).Z(Sý7) = D31 - C,24 - 02-2*NM2
|Z_ (7,S•) = I)Z - 025 - 024*XM7

Z(5,11) = D33 - 026 - 025*)c,2
Z(3•13) = 034 - [27 -- D2f.*XM2
Z(1,15) = 035 - 027*XA2-
Z(17.1) :-028
Z(15,?) = -029 - C28*XM2
Z(13,5) : -030 - D29*XM2
Z(11,7) : -C31 - C30*XM2
Z(9,) -0?2 - 031*XM2

K)
I,' -



1.01

117.11) -033 - 03?*XM2
Z(5,13) a -034 - 033*X12
U ?. 151 a -035 - 034**xi?
Z 1.17) - -035*XP02

XI = I
LK. = 18- t
CC ICO K= 7.LK.?
J =K-2

CALL IC.RT (C.O,.0v.O..OXIhT.1)

IFI1.FC.O.&NE.J.FQ.0) XiNICC = XINT*CC1

SUM z 1,1J+1l*CCI *XjýT
C =C + SLP4

1(C CENT INLE
CC= 1*(XiNTCr/ - XUNT20 - AP2*XP.NTf2l
VCIRP = SOT(.,25*CX2$R(5*AIX23*2*218*CA*

IM2 )lI(14.*A2*XM2!1

ICCI FCPPAT.(IX,5FQ-~C = E15.t95X,7HvOkP ,EI5.fl,SX.7HV0RMI Et8tk

CT=CC*(I. -02[00*JCK*XK)

IC4FORMAT(IX,8M(J2/LCC = E15.'3v5X9i.HQ(TUT~AL ~FI5.81
CALL P~LOT ('XMX~v2,AOAlA2,80,13l ,t129,33984,B5,46,B7,A'3,b9,CoC1 C2,

IC3.L'i,C'),CbC7,CeL9,CIfotCllC12,Cl3,Cl4,PS11,9PSI219PS112.PSk2ZP
2SI13.PSI23.PS1II,PS124,YC.OELY!
GCi TC 5

E Nr,
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"seFCSFSCSB SIP'. EON, SOLVR OR MATRIX INVRTR

S~FCCCUBLE PRECISICh bORK*SAVRq~vY*D*SUMSAVE8

SOUBIAEN SRECSO Xh1XNBPSAt~tAN1,K 9098tzDR.8,EJ~B~C~

lCl.C2,C3,C4,C5a@C6,*C7,C8,C'5,C1CgcCllzI,Cl3,Ci.
O11'EfNSICf Xf1'N1,I'N2hCRlC(S9)*SAVR(50)
CIMEMI~SC IHLOI!C)

Es0.

DO ;7 I-I.PN

00) 21 JIU.NN

2 O IkD( 1-1,

6 1KN=N4Ne

16 J=N1

CO 5! 11,N
JKtN-

16JJ=Nh

SAVEI=X ,NI

DCO 57 1=19NL

26 11 J=1,L

18WORK=X(1J
DCJ 17-119L

1-tJ=J
17 CCNTItKLE

1Ff IJJ-1)2,2,lq
19 DC 2C 1I1=N

Y=X( II,!)
xI ll1 )=X(I!,lJJI

20 Xi11.IJJ)=Y
IY=1IFL[( I
1ý10 ( I )= 1-LDlL)
[f-LI)(1 )= I
0=-D

2 n)O I L'1,KK

7 0~-0)
CO J=LvJJ
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X(I-JJ=X(L+LJJ
SX(L+.1jlzy

ItC=C*x

-0c 12 J=I,Jj

KK=JJ+ I
CC 3 ý*I,NNh
DO 3 Jz2,KK

3 X(kJ-Iv=X( K*IJoj..X(KI l)I JOhRK(J-j_
DO 5 izi.jj

DC 22 J=1,NN
L=1+ 1
CC 22 J=L,iN
lF(! i-C( I)...HLO( 122,22,2

23 IY~l I'LC( I)
1t-ID (IJ I=d 01L(J)
It-IDfJ )=IY
CC 25 K=1,NB

25 X 112K1

SUffC. Co
DG 28 4'

29 SLJM=SUpV4x( ,j* 1 ~ j
TEST =I2S((Ae.um/Af')
[F (TFST-.0.)o~jjij,

8I=IIOTC1
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SIEFTC IGOT

StieRCUYIIIE IGRATlLLtUL.9OELTA9ANSvNOEQ)
DIMENSICN FbIbbU16IR(3)
GATA M119) I-Itei IIS153Cg5cq,-.119309599.330604,6)v-.330604699

A .466234769-.4.6623476/
CATA (P(11), 1=101) / .233S51,7.1B038O79..85662246E-t
REAL LLIP914ULTPLL
LLIM = UL

LLIM =LL
t'ULT - 1.0
IF(ULIV .CP. LLIP) GO TC 5
TI'PP = LLI'i

ULIM = Tt4PI
AvULT =-1.O

5 A z ILLIM
DEL ABS(DELTA)
LAST =1

*ANS C.f0
IF(ALVS (ULIM-ILIM) - COCOI)80tdCvlO

10 8 = 0 + 't.3*CEL -
IF(8-ULIM)4093092C

2r B= LLIII
MO LAST = 2

4C DO 5C 1=1,6
X = (B-A)*U(1) + .5*(A+R)
CALL 1INTEQS(X#F(I)YNOEC)

6C ANS =ANS +IB-A)*(R(1)*lF(flF(2)) +R121*1F13)+FI4)) 1*
A (F(5)4F(b)I3

C-C TC 17OSC)qLAST
7C A = E

GC TC 1)
80 ANS = ANS *MULT

RETURN
END

SIFFTC IINTESC

SUBRC~L TINE INTECS(XvYvNf
coliMCN XI.XJJ
y = IX*Xfl*11.-X*X)**)(JJ
RETURN
ENC
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SUBR[Ll[NE- PLOT I X14,XM42,oOAliA2,5OB1,B2,B3,B4,1t5,B6,87,88,B9,C
10,C1 .C2.C3.C4,C5tC6.C1,C8tC9,ClOC11 ,C12,Cl3,Cl4,SXISYISX2,SY2,S
2X3@SV3tS)C4,SY49YC# DELY)
DII'FNSIGN AA(16).B8( 141,CC(141,RR(13),RI(131,AAI(141,BB1IL4)bAA2(1

14)t13P2 (14)
L'CUBLE PPEC ISICN 8BCCvIRR I,AAI .0131 AAZBB2

] Xl'4 = Jr2*XM2

2 GC Tr (5#10,15920)t4
X=SX I
yr Sy;
C- TC i5

CC CNT INIF
X SX2
GC TC ;5

15 CCN.T1TdE
x =SX3

GC TC 2'5
2C CCNT INLE

2X = S V

2:) CC NITINLE

32 ( GC 4c(~) YN
L = L I
IF( Y2 C.4 GO 3
GC =C 2~A+2(2((2x4*~(0X42*~4Ml+A-.A*M

39C))IL

G36Y Y*(A1

E p(I = C.0

88(7)= GC - AA(M)
00 3fl 1 =1,14

361 CC(1 C.ODJ
CALL RC-TS( 88,CC,6,6,RPRRI. ERRAA1,581,AA2, 2B21
Y Y CELY
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IF(Y.Gl.YF I GO TC 38

GGI TC ?t

GO TC ?51

41 Y2 = Y
AFO = CO
0~1 - C2 - 2.*CO*XM2
AtF2 - C5 - 2.*C2*XM2 4 YM'.*CC
AF3 a C9 - 2.*C5*XM2 + X"F4*C2
AF4 = C14- 2.*CS*X?42 4 XM4*C5
AF5 - -2.*CII.*Xt42 +X4
AF6 = XP04*C 14
AF8 = Cl - *C
AF9 = C4 - 2.*C2 - 2.*C1*XM? + 2.*XM2*CC
AFIU = C8 - 2.*C5 - 2.*C4*XDi2 + 2.*XP'2*C2 + X)M4*CI
AF11 = C13- 2.*CS - 2.*CO*XM2 +2.*XNM2*C5 + XM4*C4
AF12 - -i.*C14 - 2.*C13*XMd2 + 2.*XM2*C9 + XM4*C8
AF13 = 2.*XM2*ClIt + XMI,*Cll
AF14 = C3 - 2.** + CO)

AF 15 = C7-2.*C4-2.*C3*XM2+C2+2.*XMZ*C1
AF6=C12 -2.zLE-2.*C7*XV2 + C5 2ý*XM2*C4 +- XM~4*C3a

AF17 = -2.*C13-2.*CI2*Xh2 4C(; + 2.*XM2*C8 + XM4*C7
AF18 = C14 + 2.*XM2*Cl3 4X411
AF19 C6 -2.*C3 + Cl
APR -= C11 -2.*C7 -2.*C6*XP2 + C4 + 2.*XM2*C3

AF21 = -2.*ClŽ - 2.*C11*XPA2 *C8 +2.*XtA2*C7 + XM4*C6
AF22 xC13 + 2.*fl42*C12 + XtA4*Cll
AF23 = CIO - 2.*C6 + C3
AF25 = C12 + 2.*Cll*XY~2 + Xt4'*CIO
AF26 = -2.*CIC, + C6
A.:2 7 = Cll + 2.*XM2*C1(,
PHI ) = Y*(c1c)
k(2 )=C.C
lfe(3)= Y*(AF?6 + Y2*(AFZIJ)

34 )=C.C
ýH(5)= Y*UAF23 + Y2*(AF25*N2 + AF24)

"~B(7) Y*(AFI9 + Y2*(Y?*(AF22*Y2.AF21U+AF20))
BI3!e)= C.0
E9(91 =Y*(AF1+Yý*(Y2*(Y2*(AF18*Y2.ýAF17)+AF16).!AF15))
MEL(CI 0.0
eebi)sY*AF8.Y2*(Y;;*v2*(N2*(AF13*Y2+AFI2)+AF11u+4FlI,)AF9))

H(1l)=Y*(AFC+Y24IY2*fY2*I'N2*(Y2*(AF6*Y2+AF5)+AF4)+AF3)+AF2)+AFI))

DC 41 =11

11CMl) =0.0
CALL R(CTSI EeCC913.l3,HP,~l, lt4PAAlBBjAA2,8821
Y= Y +C[LY
IF(Y.Gl.YFJ CGO T 4~3
GO TC 41



I-43 M ' 41

IF( A'.CT.ý,) GO TO 60
6CGO TC 401
6cN = +

IF(N.G'P.21 GC TO 65
GC TC '-2

65 CCftNTINLE
=l. C.19

TI (1.0 + )(J/11.0 X)

T3 = 0.5/SAC + Al)
T4 c=C

IF (74.GE.0.01 CC TO, 70
T5 = SCPTI-T2)
T-FFri = T3*fALO3(Tl)+T5*ALCGI (1.O.T5*X)/fl.O-T5*X)I)
GO TC 15

7C Z-CKTILE
T5 =SCR)(T2)
TI-FTL = '3*(AGCG(Tli + 2.C*T5*ATANIT5*X;U

75 CCNT :NLE +t3 1 0
X2 =X*X

IF(X.GI.O.8.11NO.)'LT.I.1) 0.099
IF(X.GT.1.O) GO 7U 8C
GL TC f9

PC .CINTINLE
IRETUPi'
ENE
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SIIFIC IPCfST

SUORMLINE POI07S tABhNNNRtiPR#PI,1ERRAlA2,B1,8?I

DOUBLE PRECISICN ABA1,E1,A2,RZRRitI,9CDCl.O1 C2,02,FGFl.GiF
12tG29#,jFI-K*XvY*FP
IEARRC

N-NN
F1=1 .DC
IF (M~-I) 2592591

I NI-N4l
JAZN;
01=CFAIdA(DABSIA(N+1))tCAES(BIN,1f))

* t,2CPAXh(CAPS1hI.L'ABShIII)

IF I(A(.S(FM).LT.I.I)O) GO 7C 27

DO 2 1=l.N
A(1) A(1),( 1)*FM4**K 3

M(13=0(1)/(Dl*FM*I"K)

SMN )=E(K1)/t1
300 4 I=1.N1

AIMi iC 6

AM 5=t 1)Nw

JAI"-P- I~

IF (JAb,rC,.1) GO 1C 1

IF= 1C1

IF MI.EC.NW) GO TO 85

C=8
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F1=XSC 1-Y4614F
F2=X* C k-Y*02-G
Gl=X*C1+Y*CI+G
G2=XOC2.Y*C24F

F 1=F I

C-- CIPX H CAB (F?) CABS C-2) I

11- (C.LT.r)) GO TU 10V
IF(C.E--.LAk3S(FIlI Gu TC

Cl1F2-F1*(G2/GI I
IF (Cl .EC.'O.C01 (C TO 28
FK=(-F.Fl*(G/Gl 1)/Cl

GO' TC 12
9 CC= 10 28/PI

F-/ F l-FK(*F 2/Fl
GC UC 12

I C IF !C.5A;.(A8S(G2)) GU %'D 11
Cl=(GI-C2*(F1/F2)
IF (C.C'.lCC Ti 28

FK=-F/ F2-FH*Fl/P2
GC TC 12

Ii Cl=F1--F?*(Gl/G2)
IF (CI .[C.,'.C0) CC TC 28
Fl-=(-F4F2*(C-/G23 1/Cl
FK'=-C/C~2-FH*CI/G2ý

1Ž X=X4 FI"
Y=Y+FK I
IF ( (X*42+Y**2,).FC.( (X4Ff-)**2,cY+FK)**2I 3 GO To 163

FK1=SN\CL(Y+FK-SFNCL(Y)
IF I l-I-.IF.0..CR .FKI.NE.C,.) GO To 14
GC IC (13,14)t IL

13 LL=lS4
IL=2

14 LL=LL+1
IF ( IL .GT.20C'I GC TO I C.I GO TC 7

15 C=Al*~2+Pl**2

It IF (JA.EC.0) GC TC 18
CO 17 klI,N

1 2 R( I4I)=X*A2(Ii-Y*82( 1)4A2( 1+ 1OTu2
17 2( I41)=X*A2( II-Y*A2( 1)402( 1i 1i

IF GO TO 2

le CC2C i=IJ
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IRP(L )zX/FM

i20 L=L.1
I F ON-1) 26,25a1 I

22DC 2-- IlI,Ný

Al 141 )=X*A,(I )-Y*Bl1I

23

2LRETUFN

END
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APPENDIX B

RESULTS

C =2.50 CASE 5
XM = 0.40000000E 00

A = 0.OOOOOOOE 01

AO = 0.81325744E-02 Al = -0.68609736E-03

I A2 = -0.97284416E-03

i BO = 0. 12275631E-62 BI = -0. 11393347E-02

B2 = -0. 72499039E-03 B3 = 0.40119893E-03

1B4 9. 53608607E-03 B5 = 0. 15275917E-03

B6 = -0. 15927414E-04 B7 = -0. 10873222E-03

B8 = -0. 64739868E-04 B9 = -0. 11241284E-04 I
CO = 0.69227686E-05 Cl -0. 15786941E-05

C2 = -0. 57445541E-05 C3 = 0.53272846E-06

C4 = 0.22511617E-06 Cz - 0.13238618E.-05

0-6 =-0. 13322194E-06 C7 = -0. 18405079E-06

C8 = -0. 18304866E-06 C9 = . 11645324E-36

OCI = 0.78165178E-08 Cll = 0.37296582E-07

C12 = 0.29131246E-07 C13 = 0. 13214829E-07

C14 = 0.44572204E-08
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DO-= -0.78940970E-06 Dl = 0. 2764055sE-05

D2 = 0. 12408060E-05 D3 = -0. 040000082E-05

D4 = -0.36843782E-05 D5 = -0.71110050E-06

p6 = 0.29335931E-05 D7 = 0.40737273E-05

D8 = 0. 19504065E-05 D9 = 0. 24398656E-06

DIO = -0. 11768777E-05 Dl = -0.20369105-05

D12 = -.0. 17012I12 E-05 D12 = -0.51375617E-06

D14 = -0.5151757iE-07 DI5 = 0.25271631E-06

D16 = 0.48715251E-06 D17 = 0.61277059E-06

D18 = 0.32555807E-06 D19 = 0.93122271E-07

D20 = 0.66277360E-08 D21 -0. 18897032E-07

D22 = -0.63921863E-07 D23 = -0. 10283680E-06

D24 -0. 83927032E-07 D25 = -0.34505248E-07

D26 = J.67632013-08 D27 = -0.49788629E-09

D28 = 0.46206709E-09 D29 = 0. 14275470E-08

D30 = 0.75433856E-08 D31 = 0.88623727E-08

D32 = 0. 50265173E-08 D33 = 0, 15429692E-08

D34 = 0.24248057E-09 1535 = 0. 15090297E-10

QO = 0.31415923E 01

Q2 = -0.61047082E-06

Q2/QO = -0.19,31892E-06
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VORP 0. 8258879CE 00

VORM = -0. 82588796E 00

C = 6.50 CASE 15

XM = 0.15000000E 01

A = 0.10000000E 01

AO 0.41087188E-02 Al = -0.19523771E-02

A2 = -0. 19677409F402

130 = 0.38130281E-03 BI = -0.51625305E-03

B2 -- -0.55811986E-03 B3 = 0.27185692E-03

B4 0.56902572E-03 B5 = 0.20099952E-03

B6 = -0.48034968E-04 B7 = -0.11503959E-03

B8 = 0.55882562E-04 B9 = 0.421533363E,,03

/
CO = 0.19831074E-05 Cl = -0.20306899E-05 [
C2 = -0.89426459E-06 C3 = 0.83055011E-06

C4 = 0.68938810E-06 C5 = -0.20637122E-06

C6 = -0. 17443536E-06 C7 = -0.39693449E-07

C8 = 0.39080392E-06 C9 = 0.31098098E-06

C10 = 0.11950084E-07 Cll = -0.39021902E-07

C12 = -0.24146492E-06 C13 = -0.40512033E-06

C14 = -0.24739573E-06 
-
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DO = -0. 52650429E-07 D1 = 0. 38062327E-06

D2= 0.23159584E-06 D3 = -0.76367925E-06

D4 = -0. 14998904E-05 D5 = -0. 73885116E-06

D6 0.78764179E-06 D7 = 0.28239710E-05

D8 0 .35036516E-05 D9 = 0. 13379614E-05

D1O -0.47970180E-06 Dll = -0.25918261E-05

D12 = -0.53988222E-05 D13 = -0.42535094E-05

D14 -0. 12328861E-05 D15 = 0. 17762290E-06

D16 = 0.13072291E-05 D17 = 0.38765723E-05

D18 = 0.50280913E-05) D19 = 0.35096484E-05

D20 = 0.38015629E-06 D21 = -0.36900270E-07

D22 = -0.3430184SE-06 D23 = -0.13097306E-05

D24 = -0.25300329E-05 D25 = -0.24191602E-05

D26 = -0. 84063161E-06 D27 = 0.91408365E-07

D28 = 0.32482919E-08 D29 = 0.36867079E-07

D30 = 0.17688326E-06 D31 = 0.45445078E.-06

D32 = 0.64932289E-06 D33 = 0.46538070E-06

D34 = 0. 84701632E-07 D35 = -0.52653376E-07

QO = 0.10471974E 01

Q2 = -0. 15016421E-07

Q2/QO = -0. 14339628E-07
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VORP = 0.28793975E 00

VORM = -0.28793975E 00

C = 4. )0 CASE 10

XXM = .!OOOOOOOE 01

A = 0.10000000E 01

AO 0.69444444E-02 Al = -0.17361111E-02

A2 = -0. 17361111E-02

[
¶ BO = 0. 82465277E-03 BI = -0. 91145833E-03 

A

B2 = -0. 91145833E-03 B3 = 0.39062500E-03

B4 = 0. 78125000E-03 B4 = 0.39062500E-03

B6 = -0.43402777E-04 B7 = -0. 13020833E-03

B8 = -0. 13020833E-03 B9 -0.43402777E-04

CO = 0.53172977E-05 Cl -0.30337271E_05

C2 = -0. 30337271E-05 C3 = 0.86769225E-06

C4 = 0.14931815E-05 C5 = 0.86769225E-06

C6 = 0.14424134E-06 C7 = -0. 4 3273602E-06

C8 -0.43273602E-06 C9 -0.14424534E-06

CIO 0.53822889E-08 ClI = 0.21529155E-07

C12 = 0.32293733E-07 C13 = 0.2 1 529155E-<7

C15 = 0.53822889E-08

[
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DO = -0. 27081060E-06 Dl = 0. 14618229E-05

D2 = 0. 85993357E-06 D3 = -0.24770679E-05

D4 = -0.38892866E-05 D5 = -0. 14446701E-05

D6 = 0.21444442E-05 D7 = 0.55700687E-05

D8 = 0. 51091772E-05 D9 = 0. 13936700E-05

D10 = -0.10670710E-05 Dl1 = -0.38699997E-05

D12 -0.57397364E-05 D13 = -0.30777047E-05

D14 = -0.76396422E-06 D15 = 0.31178924E-06

D16 = 0.14493480E-05 D17 = 0.28736014E-05

D18 = 3.23597631E-05 D19 0.16021832E-05

D20 = 0.22322972E-06 D21 = -0.4668,AleE-07

D22 = -. 26815118E-06 D23 = -0. 64046568E-06

D24 = -0.81407119E-06 D25 = -0.58064111E-06

D26 = -0.22029153E-06 D27 = -0.34721103E-07

D28 = 0.26964840E-08 D29 0.18191922E-07

D30 = 0. 52525373E-07 D31 0. 84124962E-07

D32 = 0. 80707635E-07 D33 = 0.46, -,185E-07

D34 = 0.14774596E-07 D35 = 0.2013U- !,7E-08

QO = 0.15707962E 01

Q2 = -0.12776789E-06

Q2/QO = -0. 81339574E-07
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VORP 0. 4 2923705E 00

VORM - -0. 4 2923705E 00

I

r

V--

:I

I
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APPENDIX C

"LIST OF SYMBOLS

C
A = constant - 2(m 2 + 1)

A = constants i = 0,1,2

b = constants i = 0,1,2,...,9Ii
Ga2

C = constant = a
C c a,2.Wo

C. = constants i = 0,1,2,... ,14

1: -d.1 = constants i = 0,1,2,...,35

e = eccentricity of the cross-sectional ellipse

e1 = constant

f f f = components of the body forces

G constant = mean pressure gradient
2Wla3

K = constant = Rv

m = constant related to the eccentricity by e = 1F2 1 when
m

m -ý 1 and e -I -In2we0<m 1

P = pressure

rq qy = dimensionalized velocity components

qx = dimensionalized velocity in the x-direction

r, 9,y = cylindrical coordinates

R = radius of curvature of the center of the pipe
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W = noudimensionallze volocity lin the O-direction

*0 = velocity along the central axis for the flow through a straight

elliptic pipe

WI first-order approx-imation of W

W2  second-order approximation of W

u absolute viscosity
iU

v - - kinematic viscosity

p

p = fluid density

= stream function

"ý.b1 = first-order approximation of the stream function

02 second-order approxim ation of the ctream function

The superscripts with parameters denote dimensionalized variables.

•. /

h 4

j¢
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